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Abstract
In this paper we study small amplitude solutions of nonlinear Klein
Gordon equations with a potential. Under suitable smoothness and decay
assumptions on the potential and a genericity assumption on the nonlin-
earity, we prove that all small energy solutions are asymptotically free. In
cases where the linear system has at most one bound state the result was
already proved by Soffer and Weinstein: we obtain here a result valid in
the case of an arbitrary number of possibly degenerate bound states. The
proof is based on a combination of Birkhoff normal form techniques and
dispersive estimates.
1 Introduction
In this paper we study small amplitude solutions of the nonlinear Klein Gordon
equation (NLKG)
utt −∆u + V u+m2u+ β′(u) = 0, (t, x) ∈ R× R3 (1.1)
with −∆ + V (x) + m2 a positive short range Schro¨dinger operator, and β′ a
smooth function having a zero of order 3 at the origin and growing at most like
u3 at infinity. Under suitable smoothness and decay properties on the potential
V and on β′, and under a genericity assumption on the nonlinearity, to be
discussed below, we prove that all small energy solutions are asymptotically
free. Thus in particular the system does not admit small energy periodic or
quasiperiodic solutions, in contrast with what happens in bounded domains
where KAM theory can be used to prove existence of quasiperiodic solutions
[Ku, CW, W, Bo, EK].
A crucial role in our discussion is played by the spectrum of the Schro¨dinger
operator −∆+V (x). If −∆+V (x) does not have eigenvalues, then the asymp-
totic freedom of solutions follows from a perturbative argument based on a
theorem by Yajima [Y]. If −∆+V +m2 has just one nondegenerate eigenvalue
lying close to the continuous spectrum, then the result is proved by [SW1]. We
generalize this result, easing most restrictions on the spectrum of −∆+V +m2.
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From a technical standpoint, the key is to prove that, due to nonlinear cou-
pling, there is leaking of energy from the discrete modes to the continuous ones.
The continuous modes should disperse by perturbation, because of the linear
dispersion. In [SW1] this leaking occurs because the discrete mode equation
has a key coefficient of positive sign, which yields dissipation. In [SW1] this
coefficient is of the form 〈DF,F 〉 for D a positive operator and F a function.
Assuming the generic condition 〈DF,F 〉 6= 0 (which is called nonlinear Fermi
golden rule or FGR), then such a quantity is strictly positive. This gives rise
to dissipative effects leading to the result. The presence of terms of the form
〈DF,F 〉 was first pointed out and exploited for nonlinear problems in [S], which
proves that periodic and quasiperiodic solutions of the linear equation are un-
stable with respect to nonlinear perturbations. In the problem treated in [S],
this coefficient appears directly. In our case, to exploit the coefficient it is first
necessary to simplify the equations by means of normal form expansions. The
normal forms argument was first introduced in [BP2], later by [SW1], (see also
[GS, CM] and for further references [CT]).
In the case when the eigenvalues of −∆ + V + m2 are not close to the
continuous spectrum, the crucial coefficients in the equations of the discrete
modes are of the form 〈DF,G〉 for F and G not obviously related, if one follows
the scheme in [BP2, SW1, GS, CM]. The argument in [CM] shows indirectly
that, in the case of just one simple eigenvalue, this coefficient is semidefinite
positive. But this is not clear any more in the case of multiple eigenvalues of
possibly high multiplicity, if one follows the scheme in [BP2, SW1, GS, CM]. In
the present paper we fill this gap. Using the Hamiltonian structure of (1.1) and
the Birkhoff normal form theory, we show that dissipativity is a generic feature
of the problem. Here lies the novelty of this paper: previous references perform
normal form expansions losing sight of the Hamiltonian structure of (1.1). It
turns out that the Hamiltonian structure is crucial.
We recall that Birkhoff normal form theory has been recently extended to a
quite large class of Hamiltonian partial differential equations (see for example
[BN, B, BG]). However here we need to deal with two specific issues. The first
one is that we need to produce a normal form which keeps some memory of
the fact that the original Hamiltonian is local, since locality is a fundamental
property needed for the dispersive estimates used to prove dissipation. The
second issue is that the Hamiltonian function (and its vector field) of the NLKG
has only finite regularity, so it is not a priori obvious how to put the system in
normal form at high order. This problem is here solved by noticing that our
normal form is needed only to simplify the dependence on the discrete modes and
to decouple the discrete modes from the continuous ones. This can be obtained
by a coherent recursive construction yielding analytic canonical transformations.
Finally, the related problem of asymptotic stability of ground states of the
NLS initiated in [SW2], see also the seminal papers [SW3, BP1, BP2, GS], has
been solved in [Cu1] drawing the ideas in the present paper. Other references
on the NLS which we mention later are [Ts, GW]. For further references we
refer to [CT, Cu1].
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2 Statement of the main result
We begin by stating our assumptions.
(H1) V (x) is real valued and |∂αxV (x)| ≤ C〈x〉−5−σ for |α| ≤ 2, where C > 0
and σ > 0 are fixed constants and 〈x〉 :=√1 + |x|2; V (x) is smooth with
|∂αxV (x)| ≤ Cα <∞ for all α;
(H2) 0 is neither an eigenvalue nor a resonance for −∆ + V , i.e. there are no
nonzero solutions of ∆u = V u in R3 with |u(x)| . 〈x〉−1.
It is well known that (H1)–(H2) imply that the set of eigenvalues σd(−∆ +
V ) ≡ {−λ2j}nj=1 is finite, contained in (−∞, 0), with each eigenvalue of finite
multiplicity. We take a mass term m2 such that −∆ + V + m2 > 0 and we
assume that indexes have been chosen so that −λ21 ≤ · · · ≤ −λ2n. We set
ωj = ωj(m) :=
√
m2 − λ2j . We assume m > 0 and λj > 0. Notice that the λj
are not necessarily pairwise distinct. We assume that m is not a multiple of any
of the ωj ’s:
(H3) for any ωj there exists Nj ∈ N such that Njωj < m < (Nj + 1)ωj .
Notice that N1 = N := supj Nj . Hypothesis (H3) is a special case of the
following hypothesis:
(H4) there is no multi index µ ∈ Zn with |µ| := |µ1|+ ...+ |µn| ≤ 2N1+3 such
that µ · ω = m.
We furthermore require:
(H5) if ωj1 < ... < ωjk are k distinct ω’s, and µ ∈ Zk satisfies |µ| ≤ 2N1 + 3,
then we have
µ1ωj1 + · · ·+ µkωjk = 0 ⇐⇒ µ = 0 .
Remark 2.1. Using the fact that for any µ the quantities µ · ω are holomorphic
functions in m for Rem > λ1, it is easy to show that there exists a discrete set
D ⊂ (λ1,∞), such that for m 6∈ D hypotheses (H3-H5) are true.
Assumptions (H1)–(H5) refer to the properties of the linear part of the equa-
tion. Consider now β(u) =
∫ u
0
β′(s)ds. We assume the following hypothesis:
(H6) we assume that there exists a smooth function β˜ ∈ C∞(R,R) such that
β(u) = u4β˜(u) and, for any j ≥ 0 there exists Cj > 0 such that |β˜(j)(u)| ≤
Cj〈u〉−j .
Finally there is an hypothesis relating the linear operator −∆ + V + m2
and the nonlinearity β(u). It is a nondegeneracy hypothesis that, following
[S, SW1], we call nonlinear Fermi golden rule. Specifically, the main result of
this paper is that certain coefficients related to the resonance between discrete
and continuous modes are non negative. The nondegeneracy hypothesis is that
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they are strictly positive. We show in Proposition 2.2 that this hypothesis holds
generically, in some sense. The precise statement of the hypothesis requires
some notation and preliminaries, so is deferred to section 5.1. We assume what
follows:
(H7) we assume that (5.31) or, equivalently (5.34), holds.
(H7) is the most significant of our hypotheses. It should hold quite generally.
By way of illustration, in Section 5.1 we prove the following result:
Proposition 2.2. Assume that V satisfies (H1)–(H2), decreases exponentially
together with all its derivatives as |x| → ∞ and that all the eigenvalues of
−∆ + V are simple. Then there exist a finite set M ⊂ (λ1,+∞), for any
m ∈ (λ1,+∞)\M a finite set M̂(m) ⊂ Zn locally constant in m, functions
f
(±)
µ,m ∈ C∞(R|µ|−4,R) for µ ∈ M̂(m), such that (H7) holds if the following is
true: m ∈ (λ1,+∞)\M and for both signs ±
β|µ| 6= f (±)µ,m(β4, ..., β|µ|−1) for all µ ∈ M̂(m) and where βj := β(j)(0)/j!.
Now we state the main result of this paper. Denote K0(t) =
sin(t
√−∆+m2)√−∆+m2 .
Then we prove:
Theorem 2.3. Assume hypotheses (H1)–(H7). Then there exist ε0 > 0 and
C > 0 such that for any ‖(u0, v0)‖H1×L2 ≤ ǫ < ε0 the solution of (1.1)
with (u(0), ut(0)) = (u0, v0) is globally defined and there are (u±, v±) with
‖(u±, v±)‖H1×L2 ≤ Cǫ
lim
t→±∞
‖u(t)−K ′0(t)u± −K0(t)v±‖H1 = 0. (2.1)
It is possible to write u(t, x) = A(t, x) + u˜(t, x) with |A(t, x)| ≤ CN (t)〈x〉−N
for any N , with lim|t|→∞ CN (t) = 0 and such that for any pair (r, p) which is
admissible, by which we mean that
2/r + 3/p = 3/2 , 6 ≥ p ≥ 2 , r ≥ 2, (2.2)
we have
‖u˜‖
LrtW
1
p
− 1
r
+1
2
,p
x
≤ C‖(u0, v0)‖H1×L2 . (2.3)
Remark 2.4. Theorem 2.3 is well known in the particular case V = 0, see
Theorem 6.2.1 [Ca]. In this case u˜ = u. If the operator −∆ + V does not
have eigenvalues and satisfies the estimates in Lemma 6.1, then Theorem 2.3
continues to hold. Work by Yajima [Y] guarantees that this indeed is the case for
operators satisfying (H1)–(H2) such that σd(−∆+V ) is empty, see Lemma 6.3.
These results are obtained by thinking the nonlinear problem as a perturbation
of the linear problem.
Remark 2.5. Theorem 2.3 can be thought as an asymptotic stability result of
the 0 solution. Stability is well known, see Theorem 3.1 below.
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Remark 2.6. Theorem 2.3 in the case when σd(−∆ + V ) consists of a single
eigenvalue can be proved following a simpler version of the argument in [CM].
Remark 2.7. Theorem 2.3 in the case when σd(−∆ + V ) consists of a single
eigenvalue −λ2 such that for ω = √m2 − λ2 we have 3ω > m is proved in [SW1]
assuming ‖(u0, v0)‖(H2∩W 2,1)×(H1∩W 1,1) small. Notice that formula (1.10) [SW1]
contains a decay rate of dispersion of the various components of u(t). For the
initial data in the larger class considered in Theorem 2.3, such kind of decay
rates cannot be proved. Restricting initial data to the class in [SW1], it is
possible to prove appropriate decay rates also for the solutions in Theorem 2.3.
Remark 2.8. Theorem 2.3 is stated only for Rd with d = 3. Versions of this
theorem can be proved for any d. In particular, the crux of the paper, that is
the normal form expansion in Theorem 4.9 and the discussion of the discrete
modes, are not affected by the spatial dimension.
In view of the above remarks, we focus our attention to the case when−∆+V
admits eigenvalues, especially the case of many eigenvalues.
We end this section with some notation. Given two functions f, g : R3 → C
we set 〈f, g〉 = ∫
R3
f(x)g(x)dx. For k ∈ R and 1 < p < ∞ we denote for
K = R,C
W k,p(R3,K) = {f : R3 → K s.t.‖f‖Wk,p := ‖(−∆+ 1)k/2f‖Lp <∞.}
In particular we set Hk(R3,K) = W k,2(R3,K) and Lp(R3,K) = W 0,p(R3,K).
For p = 1,∞ and k ∈ N we denote by W k,p(R3,K) the functions such that
∂αx f ∈ Lp(R3,K) for all |α| ≤ k (we recall that for 1 < p < ∞ the two
definitions of W k,p yield the same space). For any s ∈ R we set
Hk,s(R3,K) = {f : R3 → K s.t.‖f‖Hs,k := ‖〈x〉s(−∆+ 1)k/2f‖L2 <∞}.
In particular we set L2,s(R3,K) = H0,s(R3,K). Sometimes, to emphasize that
these spaces refer to spatial variables, we will denote them by W k,px , L
p
x, H
k
x ,
Hk,sx and L
2,s
x . For I an interval and Yx any of these spaces, we will consider
Banach spaces Lpt (I, Yx) with mixed norm ‖f‖Lpt (I,Yx) := ‖‖f‖Yx‖Lpt (I). Given
an operator A, we will denote by RA(z) = (A − z)−1 its resolvent. We set
N0 = N ∪ {0}. We will consider multi indexes µ ∈ Nn0 . For µ ∈ Zn with
µ = (µ1, ..., µn) we set |µ| =
∑n
j=1 |µj |. We also consider the set of Schwartz
functions S(R3,C) whose elements are the functions f ∈ C∞(R3,C) such that
〈x〉N∂αx f(x) ∈ L∞(R3) for all N ∈ N ∪ {0} and α ∈ (N ∪ {0})3.
3 Global well posedness and Hamiltonian struc-
ture
In H1(R3,R)× L2(R3,R) endowed with the standard symplectic form, namely
Ω((u1, v1); (u2, v2)) := 〈u1, v2〉L2 − 〈u2, v1〉L2 (3.1)
5
we consider the Hamiltonian
H = HL +HP , (3.2)
HL :=
∫
R3
1
2
(v2 + |∇u|2 + V u2 +m2u2)dx ,
HP :=
∫
R3
β(u)dx.
The corresponding Hamilton equations are v˙ = −∇uH , u˙ = ∇vH , where ∇uH
is the gradient with respect to the L2 metric, explicitly defined by
〈∇uH(u), h〉 = duH(u)h , ∀h ∈ H1 ,
and duH(u) is the Freche´t derivative of H with respect to u. It is easy to see
that the Hamilton equations are explicitly given by(
v˙ = ∆u− V u−m2u− β′(u) , u˙ = v) ⇐⇒ u¨ = ∆u−V u−m2u−β′(u) (3.3)
First we recall that the NLKG (1.1) is globally well posed for small initial data.
Theorem 3.1. Assume V ∈ Lpx with p > 3/2. Then there exist ε0 > 0 and
C > 0 such that for any ‖(u0, v0)‖H1x×L2x ≤ ǫ < ε0 and if we set v(t) = ut(t)
and v0 = ut(0), equation (1.1) admits exactly one solution
u ∈ C0(R, H1x) ∩ C1(R, L2x) (3.4)
such that (u(0), v(0)) = (u0, v0). The map (u0, v0) → (u(t), v(t)) is continuous
from the ball ‖(u0, v0)‖H1x×L2x < ε0 to C0(I,H1x) × C0(I, L2x) for any bounded
interval I. The Hamiltonian H(u(t), v(t)) is constant, and
‖(u(t), v(t))‖H1x×L2x ≤ C‖(u0, v0)‖H1x×L2x . (3.5)
We have the equality
u(t) = K ′0(t)u0 +K0(t)v0 −
∫ t
0
K0(t− s)(V u(s) + β′(u(s)))ds. (3.6)
For statement and proof see §6.2 and 6.3 [CH].
We associate to any −λ2j an L2 eigenvector ϕj(x), real valued and normal-
ized. We have ϕj ∈ S(R3,R). Set Pdu =
∑〈u, ϕj〉ϕj and set Pc = 1 − Pd, the
projector in L2 associated to the continuous spectrum. Denote
u =
∑
j
qjϕj + Pcu , v =
∑
j
pjϕj + Pcv. (3.7)
We have
HP =
∫
R3
β
∑
j
qjϕj + Pcu
 dx. (3.8)
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Introduce the operator
B := Pc(−∆+ V +m2)1/2Pc , (3.9)
and the complex variables
ξj :=
qj
√
ωj + i
pj√
ωj√
2
, f :=
B1/2Pcu+ iB
−1/2Pcv√
2
. (3.10)
By Theorem 6.2, (3.10) defines an isomorphism between H1(R3,R)×L2(R3,R)
and P1/2,0 := Cn⊕PcH1/2,0(R3,C), which from now on will be our phase space.
We will often represent functions (and maps) on the phase space as functions
of the variables ξj , ξ¯j , f, f¯ . By this we mean that a function F (ξ, ξ¯, f, f¯) is the
composition of the maps
(ξ, f) 7→ (ξ, ξ¯, f, f¯) 7→ F (ξ, ξ¯, f, f¯) .
Correspondingly we define ∂ξj =
1
2 (∂Re ξj − i∂Im ξj ) and ∂ξ¯j = 12 (∂Re ξj +i∂Im ξj ),
and analogously ∇f := 12 (∇Re f − i∇Im f ), ∇f¯ := 12 (∇Re f + i∇Im f ).
In terms of these variables the symplectic form has the form
Ω((ξ(1), f (1)); (ξ(2), f (2))) = 2Re
i
∑
j
ξ
(1)
j ξ¯
(2)
j + 〈f (1), f¯ (2)〉
 (3.11)
= −i
∑
j
(
ξ¯
(1)
j ξ
(2)
j − ξ(1)j ξ¯(2)j
)
− i
(
〈f (2), f¯ (1)〉 − 〈f (1), f¯ (2)〉
)
and the Hamilton equations take the form
ξ˙j = −i∂H
∂ξ¯j
, f˙ = −i∇f¯H . (3.12)
The Hamiltonian vector field XH of a function is given by
XH(ξ, ξ¯, f, f¯) =
(
−i∂H
∂ξ¯
, i
∂H
∂ξ
,−i∇f¯H, i∇fH
)
(3.13)
We consider the Poisson bracket
{H,K} := i
∑
j
(
∂H
∂ξj
∂K
∂ξj
− ∂H
∂ξj
∂K
∂ξj
)
+ i
〈
∇fH,∇fK
〉
− i
〈
∇fH,∇fK
〉
.
(3.14)
We emphasize that if H and K are real valued, then {H,K} is real valued.
Later we will consider Hamiltonians for which (3.14) makes sense.
We introduce now some further notations that we will use in the sequel.
• We denote the phase spaces Pk,s = Cn × PcHk,s(R3,C) with the spectral
decomposition associated to −∆+ V .
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• f := (f, f¯), and we will denote by Φ := (Φ,Ψ) a pair of functions each of
which is in S(R3,C).
• Given µ ∈ Nn we denote ξµ :=∏j ξµjj , and similarly for ξ¯ν .
• A point of the phase space will usually be denoted by z ≡ (ξ, f).
The form of HL and of HP are respectively
HL =
n∑
j=1
ωj |ξj |2 + 〈f¯ , Bf〉. (3.15)
HP (ξ, f) =
∫
R3
β(
∑ ξj + ξ¯j√
2ωj
ϕj(x) + U(x))dx (3.16)
where we wrote for simplicity U = B−
1
2 (f + f¯)/
√
2 ≡ Pcu.
We will need something more about the nonlinearity. Consider the Taylor
expansion
β(
∑ ξj + ξ¯j√
2ωj
ϕj + U) =
3∑
l=0
Fl(x, ξ)U
l + F4(x, ξ, U)U
4
with
Fl(x, ξ) =
1
l!β
(l)(
∑ ξj+ξ¯j√
2ωj
ϕj) , l = 0, 1, 2, 3 (3.17)
F4(x, ξ, U) =
∫ 1
0
(1−τ)3
3! β
(4)(
∑ ξj+ξ¯j√
2ωj
ϕj + τU)dτ. (3.18)
Lemma 3.2. The following holds true.
(1) For l ≤ 3, the functions ξ → Fl(·, ξ) are in C∞(Cn, Hk,s) for any k, s,
and
Hl(ξ, U) =
∫
R3
Fl(x, ξ)U
ldx
are Hl ∈ C∞(Cn ×H1,R). In particular we have derivatives, for ℓ ≤ l,
∂αξ d
ℓ
UHl
[⊗ℓj=1gj] = l · · · (l − ℓ+ 1)∫
R3
∂αξ Fl(x, ξ)U
l−ℓ(x)
ℓ∏
j=1
gj(x)dx.
(2) Fl has a 0 of order 4− l at ξ = 0:
‖Fl(·, ξ)‖Hk,s ≤ C ‖ξ‖4−l .
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(3) The map Cn×R3×R ∋ (ξ, x, Y ) 7→ F4(x, ξ, Y ) ∈ R is C∞; for any k > 0
there exists Ck such that |∂kY F4(x, ξ, Y )| ≤ Ck . Denote
H4(ξ, U) =
∫
R3
F4(x, ξ, U(x))U
4(x)dx.
Then the map Cn ∋ ξ 7→ H4(ξ, .) ∈ C2(H1,C) is C∞. In particular
∂αξ dUH4[g] =
∫
R3
∂αξ ∂YΨ(x, ξ, U(x))g(x)dx
where Ψ(x, ξ, Y ) = F4(x, ξ, Y )Y
4.
Proof. The result follows by standard computations and explicit estimates of
the remainder, see p. 59 [Ca].
4 Normal form
4.1 Lie transform
We will iteratively eliminate from the Hamiltonian monomials, simplifying the
part linear in f and f¯ and the part independent of such variables. We will use
canonical transformations generated by Lie transform, namely the time 1 flow
of a suitable auxiliary Hamiltonian function. Consider a function χ of the form
χ(z) ≡ χ(ξ, f) = χ0(ξ, ξ¯) +
∑
|µ|+|ν|=M0+1
ξµξ¯ν
∫
R3
Φµ,ν · fdx (4.1)
where Φµ,ν · f := Φµ,νf + Ψµ,ν f¯ with Φµ,ν ,Ψµ,ν ∈ S(R3,C) and where χ0 is
a homogeneous polynomial of degree M0 + 2. The Hamiltonian vector field
satisfies Xχ ∈ C∞(P−κ,−s,Pk,τ ) for any k, κ, s, τ ≥ 0. Moreover we have
‖Xχ(z)‖Pk,τ ≤ Ck,s,κ,τ‖z‖M0+1P−κ,−s . (4.2)
Since Xχ is a smooth polynomial it is also analytic. Denote by φ
t the flow
generated by Xχ. For fixed κ, s, φ
t is defined in P−κ,−s up to any fixed time t¯,
in a sufficiently small neighborhood U−κ,−s of the origin. For Pk,τ →֒ P−κ,−s,
by (4.2) the flow φt is defined for 0 ≤ t ≤ t¯ in U−κ,−s∩Pk,τ . Set φ := φ1 ≡ φt∣∣
t=1
Definition 4.1. The canonical transformation φ will be called the Lie transform
generated by χ.
Remark 4.2. The function χ extends to an analytic function on the complex-
ification of the phase space, namely the space in which ξ is independent of ξ¯
and f is independent of f¯ . If the original function χ is real valued (as in our
situation), then χ takes real values when f is the complex conjugated of f¯ and
ξ the complex conjugated of ξ¯. In this case, by the very construction, the Lie
transform generated by χ leaves invariant the submanifold of the complexified
phase space corresponding to the original real phase space.
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Lemma 4.3. Consider a functional χ of the form (4.1). Assume Φµ,ν ,Ψµ,ν ∈
S(R3,C) for all µ and ν. Let φ be its Lie transform. Denote z′ = φ(z), z ≡ (ξ, f)
and z′ ≡ (ξ′, f ′). Then there exist functions Gµ,ν(z), Gj(z) and a suffitiently
small neighbourhood of the orgin U−κ,−s ⊂ P−κ,−s, with the following three
properties, which hold in U−κ,−s.
1. Gj , Gµ,ν ∈ C∞(U−κ,−s,C). Actually such functions are analytic, but this
will not be needed.
2. The transformation φ has the following structure:
ξ′j = ξj +Gj(z) (4.3)
f ′ = f +
∑
µ,ν
Gµ,ν(z)Ψµ,ν . (4.4)
3. There are constants Cτ,k,s such that
‖z − φ(z)‖Pκ,τ ≤ Cτ,k,s|ξ|M0(|ξ|+ ‖f‖H−κ,−s). (4.5)
Furthermore there are constants cκ,τ,ks such that
|Gj(ξ, f)| ≤ cκ,τ,k,s|ξ|M0(|ξ|+ ‖f‖H−κ,−s ), (4.6)
|Gµ,ν(ξ, f)| ≤ cκ,s|ξ|M0+1. (4.7)
Proof. Recall φ = φ1. We set z(t) = φt(z) = (ξ(t), f(t)). The Hamilton equa-
tions of χ have the structure
f˙ = −i
∑
µ,ν
ξµξ¯νΨµ,ν , ξ˙j = Pj(ξ) +
∑
µ,ν
P˜µ,ν(ξ)
∫
R3
Φµ,ν · fdx (4.8)
with suitable polynomials Pj(ξ) homogeneous of degree M0 + 1 and P˜µ,ν(ξ)
homogeneous of degreeM0. By the existence and uniqueness theorem for differ-
ential equations the solution exists up to time 1, provided that the initial data
are small enough. We consider (4.5). For t ∈ [0, 1] we have for P equal to either
Pκ,τ or P−κ,−τ
‖z(t)− z‖P =
∥∥∥∥∫ t
0
Xχ(z(t
′))dt′
∥∥∥∥
P
≤ c˜κ,s sup
0≤t′≤t
|ξ(t′)|M0(|ξ(t′)|+ ‖f(t′)‖H−κ,−s).
(4.9)
Then (4.9) implies |ξ(t)| + ‖f(t)‖H−κ,−s ≈ |ξ| + ‖f‖H−κ,−s and |ξ(t)| ≈ |ξ|.
Taking t = 1 in the rhs of (4.9) we get
‖φ(z)− z‖P =
∥∥∥∥∫ 1
0
Xχ(z(t
′))dt′
∥∥∥∥
P
≤ cκ,s|ξ|M0(|ξ|+ ‖f‖H−κ,−s ).
(4.10)
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(4.10) is (4.5). Any map (ξ, f)→ ξ′ can be written in the form (4.3). From the
first of eq.(4.8), equation (4.4) holds with
Gµ,ν(ξ(0), f(0)) := −i
∫ 1
0
ξµ(s, ξ(0), f(0))ξ¯ν(s, ξ(0), f(0))Φµνds .
The Gj in (4.3) and the Gµ,ν in (4.4) are analytic by the analyticity of flow
φt(ξ, f), which is a consequence of the analyticity of Xχ as a function defined
in P−κ,−s.
Lemma 4.4. Let K ∈ Ck(U1/2,0,C), k ≥ 3 satisfy |K(z)| ≤ C ‖z‖M1 , and
‖dK(z)‖P−1/2,0 ≤ C1 ‖z‖M1−1, with M1 ≥ 2. Let φ be the Lie transform
generated by the function χ of Lemma 4.3. Then K ◦ φ ∈ Ck(P1/2,0,R) and
{K,χ} ∈ Ck−1(U1/2,0,R). Furthermore one has
|K(φ(z))| ≤ C ‖z‖M1 , (4.11)
|K(φ(z))−K(z)| ≤ C ‖z‖M0+M1 . (4.12)
Proof. (4.11) is an elementary consequence of (4.5). We have
|K(φ(z))−K(z)| ≤ ‖φ(z)− z‖P1/2,0 sup
t∈[0,1]
‖dK(z + t(φ(z)− z))‖P−1/2,0
≤ C ‖z‖Mo+M1 ,
by ‖dK(z)‖P−1/2,0 ≤ C1 ‖z‖M1−1 and by (4.5).
The next lemma is elementary.
Lemma 4.5. Let K ∈ C∞(U−k,−s,C), where U−k,−s ⊂ P−k,−s, with some
s ≥ 0, k ≥ 0. Then one has XK ∈ C∞(U−k,−s,Pk,s).
4.2 Normal form
Definition 4.6. A polynomial Z is in normal form if we have
Z = Z0 + Z1 (4.13)
where: Z1 is a linear combination of monomials of the form
ξµξ¯ν
∫
Φ(x)f(x)dx , ξµ
′
ξ¯ν
′
∫
Φ(x)f¯(x)dx (4.14)
with indexes satisfying
ω · (µ− ν) < −m , ω · (µ′ − ν′) > m , (4.15)
and Φ ∈ S(R3,C); Z0 is independent of f and is a linear combination of mono-
mials ξµξ¯ν satisfying {
HL, ξ
µξ¯ν
}
= 0. (4.16)
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Remark 4.7. Equation (4.16) is equivalent to ω · (µ − ν) = 0, see Lemma 4.10
below.
Remark 4.8. By (H5), ω · (µ− ν) = 0 implies |µ| = |ν| if |µ+ ν| ≤ 2N1 + 3.
Theorem 4.9. For any k > 0 and s > 0 and for any integer r with 0 ≤ r ≤ 2N
there exist open neighborhoods of the origin Ur,k,s ⊂ P1/2,0, and U−k,−sr ⊂
P−k,−s, and an analytic canonical transformation Tr : Ur,k,s → P1/2,0 with
the following properties. First of all Tr does not depend on (k, s) in the sense
that, given another pair (k′, s′), the transformations coincide in Ur,k,s ∩Ur,k′,s′ .
Secondly, Tr puts the system in normal form up to order r+4, namely we have
H(r) := H ◦ Tr = HL + Z(r) +R(r) (4.17)
where:
(i) Z(r) is a polynomial of degree r+3 which is in normal form; furthermore,
when we expand
Z
(r)
1 (ξ, f) =
∑
µ,ν
ξµξ¯ν
∫
R3
Φµνfdx+
∑
µ,ν
ξ¯µξν
∫
R3
Φ¯µν f¯dx (4.18)
we have, for β|µ| := β(|µ|)(0), ϕµ =
∏
j ϕ
µj
j and similarly ω
µ =
∏
j ω
µj
j ,
S(R3,C) ∋ Φµ0 = 2
− |µ|
2
µ!
β|µ|+1
B−
1
2 (ϕµ)(x)√
ωµ
+ Φ˜µ0 (4.19)
with Φ˜µ0 = Φ˜µ0(m,β4, ..., β|µ|) piecewise smooth in (m,β4, ..., β|µ|), with
values in S(R3,C); the functions Φµν(x) belong to S(R3,C2);
(ii) Tr has the structure (4.3), (4.4), 1l−Tr extends into an analytic map from
U−k,−sr to Pk,s and
‖z − Tr(z)‖Pk,s ≤ C ‖z‖3P−k,−s ; (4.20)
(iii) we have R(r) =∑4d=0R(r)d with the following properties:
(iii.0) we have
R(r)0 =
∑
|µ+ν|=r+4
ξµξ
ν
∫
R3
a(r)µν (x, z,ReB
− 1
2 f(x))dx
and a
(r)
µν is such that the map
U−k,−s × R ∋ (z, w) 7→ a(r)µν (., z, w) ∈ Hk,s is C∞ (4.21)
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(iii.1) we have
R(r)1 =
∑
|µ+ν|=r+3
ξµξ
ν
∫
R3
Λ(r)µν (x, z,ReB
− 1
2 f(x)) · B− 12 f(x)dx
where the map
U−k,−s × R ∋ (z, w) 7→ Λ(r)µν (·, z, w) ∈ (Hk,s)2 is C∞ (4.22)
(iii.2-3) for d = 2, 3, we have
R(r)d =
∫
R3
F
(r)
d (x, z,ReB
− 1
2 f(x))[U(x)]ddx , (4.23)
where U = B−1/2(f + f¯) where the map
U−k,−s × R ∋ (z, w) 7→ F (r)d (·, z, w) ∈ Hk,s(R3,C) is C∞ (4.24)
and furthermore we have
‖F (r)2 (·, z, w)‖Hk,s(R3,C) ≤ C|ξ|; (4.25)
(iii.4) for d = 4 we have
R(r)4 =
∫
R3
F4(x, Tr(z))[U(x)]4dx , (4.26)
where F4(x, z) = F4(x, ξ, U) is the function in (3.18).
4.3 The Homological Equation
Let K(ξ, ξ¯, f, f¯) be a homogeneous polynomial of degree M1 of the form
K =
∑
|µ|+|ν|=M1
Kµνξ
µξ¯ν +
∑
|µ′|+|ν′|=M1−1
ξµ
′
ξ¯ν
′
∫
Φµ′ν′f (4.27)
+
∑
|µ′′|+|ν′′|=M1−1
ξµ
′′
ξ¯ν
′′
∫
Ψµ′′ν′′ f¯ ,
with functions Φµ′ν′ ,Ψµ′′ν′′ ∈ S(R3,C). A key step in the proof of Theorem 4.9
consists in solving (i.e. finding χ and Z) with Z in normal form, the homological
equation
{HL, χ}+ Z = K . (4.28)
To solve (4.28) we first define Z to be the r.h.s. of (4.27) restricting the sum to
the indexes such that
ω · (µ− ν) = 0 , ω · (ν′ − µ′) > m , ω · (µ′′ − ν′′) > m , (4.29)
i.e. the indexes of the normal form condition. We introduce the homological
operator
£χ := {HL, χ} (4.30)
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Lemma 4.10. We have:
£(ξµξ¯ν) = −iω · (µ− ν)ξµξ¯ν , (4.31)
£(ξµξ¯ν
∫
Φf) = −iξµξ¯ν
∫
f(B − ω · (ν − µ))Φ , (4.32)
£(ξµξ¯ν
∫
Φf¯) = iξµξ¯ν
∫
f¯(B − ω · (µ− ν))Φ . (4.33)
Proof. Indeed, using (3.14), (4.31) follows by
£(ξµξ¯ν) = i
∑
j
ωj
(
ξ¯j
∂
∂ξ¯j
− ξj ∂
∂ξj
)
ξµξ¯ν = iω · (ν − µ)ξµξ¯ν .
(4.32)–(4.33) follow from (3.14), (4.31), £(〈Φ, f〉) = i〈Φ, Bf〉, £(〈Φ, f〉) =
−i〈Φ, Bf〉 and selfadjointness of B.
For ω · (µ− ν) < m we set
Rµν := (B − ω · (µ− ν))−1 . (4.34)
Notice that (B − λ)−1 is a real operator for λ < m. Then, Lemma 4.10 yields
immediately:
Lemma 4.11. Let K be a polynomial as in (4.27); define Z as above and χ :=
∑
α,β
iKαβξ
αξ¯β
ω · (α− β) + i
∑
µ,ν
ξµξ¯ν
∫
fRνµΦµν − i
∑
µ′,ν′
ξµ
′
ξ¯ν
′
∫
f¯Rµ′ν′Ψµ′ν′ (4.35)
with the sum restricted to indexes of the sum (4.27) such that
ω · (α− β) 6= 0 , ω · (ν − µ) < m , ω · (µ′ − ν′) < m . (4.36)
Then equality (4.28) is true for this choice of χ and Z. Furthermore, if Kµν =
Kνµ and Ψµν = Φνµ, also the coefficients in (4.35) and in the sum defining Z
satisfy this property.
We also need the following regularity result, proved in Appendix C at the
end of the paper.
Lemma 4.12. Suppose (H1)–(H2), Φ = PcΦ and Φ ∈ S(R3,C). Then:
(1) for λ < m we have (B − λ)−1Φ ∈ S(R3,C);
(2) for any l ∈ R we have BlΦ ∈ S(R3,C).
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4.4 Proof of Theorem 4.9
Proof of Theorem 4.9. By Lemma 3.2, H satisfies assumptions and conclu-
sions of Theorem 4.9 with r = 0, T0 ≡ 1l, R(0) := HP , Z(0) = 0. We now
assume that the theorem is true for r and prove it for r + 1. Define
R(r)02 = R(r)0 −
∑
|µ+ν|=r+4 ξ
µξ
ν ∫
R3
a
(r)
µν (x, 0, 0)dx, (4.37)
R(r)12 = R(r)1 −
∑
|µ+ν|=r+3 ξ
µξ
ν ∫
R3
Φ
(r)
µν (x) · f(x)dx, (4.38)
with Φ
(r)
µν (x) = B−
1
2Λ
(r)
µν (x, 0, 0). Notice that even though the rhs of (4.17)
can depend on the pair (k, s), the terms Λ
(r)
µν (x, 0, 0) =
1
µ!ν!∂
µ
ξ ∂
ν
ξ
∇fH(r)(0)
are independent of (k, s) (because of the independence on (k, s) of Tr, and
hence of H(r), as a germ at the origin). Hence Λ
(r)
µν (x, 0, 0) ∈ S(R3,C2). Then
Φ
(r)
µν (x) ∈ S(R3,C) by Lemma 4.12. We have
R(r)02 +R(r)12 =
∑
|µ+ν|=r+5
ξµξ
ν
∫
R3
a˜(r)µν (x, z, 0)dx+
∑
|µ+ν|=r+4
ξµξ
ν
∫
R3
Λ˜(r)µν (x, z,ReB
− 1
2 f(x)) · B− 12 f(x)dx+
∑
|µ+ν|=r+3
ξµξ
ν
∫
R3
F˜
(r)
2µν(x, z,ReB
− 1
2 f(x)) ·
(
B−
1
2 f(x)
)2
dx,
(4.39)
with a˜
(r)
µν satisfying (4.21), Λ˜
(r)
µν (4.22) and with F˜
(r)
2µν such that the map
U−k,−s × R ∋ (z, w) 7→ F˜ r2µν(., z, w) ∈ Hk,s is C∞
Set
Kr+1 :=
∑
|µ+ν|=r+4
ξµξ
ν
∫
R3
a(r)µν (x, 0, 0)dx+
∑
|µ+ν|=r+3
ξµξ
ν
∫
R3
Φ(r)µν (x) · f(x)dx.
Kr+1 is real valued, so in particular its coefficients satisfy the last sentence of
Lemma 4.11. We can apply Lemma 4.11 and denote by χr+1 and Zr+1 the
solutions of the homological equation
{HL, χr+1}+ Zr+1 = Kr+1 .
Let φr+1 be the Lie transform generated by χr+1. The discussion in Remark
4.2 holds. Let Ur+1, U−k,−sr+1 be such that φr+1(Ur+1) ⊂ Ur and φr+1(U−k,−sr+1 ) ⊂
U−k,−sr . Denote (ξ′, f ′) = φr+1(ξ, f). Then f ′ = f+
∑
µν Ψ
(r+1)
µν G
(r+1)
µν (z), with
G
(r+1)
µ,ν described by Lemma 4.3 and Ψ
(r+1)
µν ∈ S(R3,C). Denote
GU := B
−1/2∑
µν
(Ψ(r+1)µν G
(r+1)
µν + Ψ¯
(r+1)
µν G¯
(r+1)
µν ) .
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Recall (4.4) and (4.7), which imply
‖GU (z)‖Hk,s ≤ C|ξ|r+3 . (4.40)
We define by induction T0 = 1l, Tr+1 = Tr ◦φr+1. Then (4.5) implies claim (ii).
We will now prove that
H(r+1) := H(r) ◦ φr+1 ≡ H ◦ (Tr ◦ φr+1) ≡ H ◦ Tr+1 ,
has the desired structure. Write
H(r) ◦ φr+1 = HL + Z(r) + Zr+1 (4.41)
+ (Z(r) ◦ φr+1 − Z(r)) (4.42)
+ Kr+1 ◦ φr+1 −Kr+1 (4.43)
+ HL ◦ φr+1 − (HL + {χr+1, HL}) (4.44)
+ (R(r)02 +R(r)12 ) ◦ φr+1 (4.45)
+ R(r)2 ◦ φr+1 (4.46)
+ R(r)3 ◦ φr+1 (4.47)
+ R(r)4 ◦ φr+1 . (4.48)
Z(r+1) := Z(r) + Zr+1 is in normal form and of the desired degree. We study
now (4.46) and (4.47). For d = 2, 3, expanding (U +GU )
d one has(
R(r)d ◦ φr+1
)
(z) =
d∑
j=0
(
d
j
)∫
R3
F rd (...) [GU (z)]
d−j[U(x)]j =:
d∑
j=0
Hdj ,
where F rd (...) = F
r
d
(
x, φr+1(z),ReB
− 1
2 (f +
∑
µν
Ψ(r+1)µν G
(r+1)
µν (z))(x)
)
.
Each of the functions Hdj has the structure (iii.0-iii.4). Similarly
(R(r)4 ◦ φr+1)(z) =
4∑
d=0
(
4
d
)∫
R3
F4(x, φr+1(z))[GU (z)]
4−d[U(x)]d.
Each term with d ≤ 3 can be absorbed in R(r+1)d . For d = 4 we get (iii.4). (4.45)
can be treated similarly. Notice that, by (4.40), all the contributions to R(r+1)2
from the Hdj satisfy (4.25). The same is true for the contributions coming from
(4.45), i.e. from the last line of (4.39), and from (4.48).
By Kr+1 ∈ C∞(U−k,−sr ), the term (4.43) can be included in R(r+1)0 , with
the vanishing properties at ξ = 0 and f = 0 guaranteed by (4.12). (4.42) can
be treated exactly in the same way. We prove now that (4.44) can be included
in R(r+1)0 . We write
HL ◦ φr+1 − (HL + {χr+1, HL}) =
∫ 1
0
t2
2!
d2
dt2
(
H ◦ φtr+1
)
dt (4.49)
=
∫ 1
0
t2
2! {χr+1, {χr+1, HL}} ◦ φtr+1dt =
∫ 1
0
t2
2! {χr+1, Zr+1 −Kr+1} ◦ φtr+1dt.
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This shows that (4.42) is in C∞(U−k,−sr+1 ), with vanishing properties at z = 0
which allow to absorb it in R(r+1)0 .
We prove equation (4.19). Consider Φµ0 with |µ| = r + 2. Then
µ!Φµ0 = ∂
µ
ξ∇fH(r)(0).
We have
∂µξ∇fH(r)(0) = ∂µξ∇fH(0)(0) + ∂µξ∇f
[
H(0) ◦ Tr −H(0)
]
(0) =
2
r+3
2 β(r+4)(0)B
− 1
2 (ϕµ)(x)√
ωµ
+ ∂µξ∇f
[
H(0) ◦ Tr −H(0)
]
(0) (4.50)
where the first term in the right hand side is obtained by Lemma 3.2. So we
need to show that the last term in (4.50) is like the reminder in (4.19). First
of all notice that if we consider the embedding Ik : Pk,0 →֒ P 12 ,0 for k > 1/2
with Ik(z) = z, we have ∂
µ
ξ∇fH(r)(0) = ∂µξ∇f [H(r) ◦ Ik](0) for any µ. In other
words, it is enough that we prove our formula restricting the Hamiltonians on
Pk,0 for k large. We prove that dr+4 [H(0) ◦ Tr −H(0)] (0) is a smooth function
of (m,β4, ..., βr+3), where βl := β
(l)(0), with m > λ1 such that (H3)–(H5) are
satisfied. We can apply the chain rule and obtain the standard formula
dr+4(H(0) ◦ Tr)(0) =
∑
α cα(d
|α|H(0))(0)
(⊗r+4j=1(djTr(0))αj ) (4.51)
with
∑r+4
j=1 jαj = r + 4 and cα appropriate universal constants. Insert the
decomposition Tr = 1l+ T˜r into (4.51). Then dr+4(H(0) ◦Tr)(0) = dr+4H(0)+E
where E is a sum of terms of the form
cα(d
|α|H(0))(0)
(
1l⊗α0 ⊗r+4j=1 (dj T˜r(0))α˜j
)
(4.52)
with at least one α˜j > 0 and for some α0 ≥ 0. By dj T˜r(0) = 0 for 0 ≤ j ≤ 2
we have α˜1 = α˜2 = 0 and so αj = α˜j > 0 for some j ≥ 3. Hence the terms
in (4.52) are such that |α| < r + 4. (djH(0))(0) for j < r + 4 is a smooth
function of (m,β4, ..., βr+3). Indeed, if we reverse the change of variables (3.10),
djH(0)(0) = βj for all j. By induction it is elementary to show that T˜r(z) =
T˜r(z,m, β4, ..., βr+3) is a smooth function of all its arguments. In particular it
is smooth also in m for all values such that m > λ1 and that (H3)–(H5) are
satisfied. Indeed T˜0 ≡ 0, T˜r depends on the vector field Kr which in turn is a
smooth function of
∂νζ∇jfH(r−1)(0) with |ν|+ j = r + 3 and j ≤ 1. (4.53)
By induction, (4.53) is a smooth function of (m,β4, ..., βr+3) with m > λ1 such
that (H3)–(H5) are satisfied. Hence we have also proved property (i) of Theorem
4.9.
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5 Dynamics of the normal form
Before giving the proof of Theorem 2.3 we outline the main features of the dy-
namics generated by the normalized system and we discuss the nondegeneracy
assumption. Our main idea has been to normalize through canonical transfor-
mations. Hence we have preserved the Hamiltonian nature of the system. We
now proceed exactly as in the literature, with the difference that at the end we
can show the positive semidefiniteness of some key coefficients, see Lemma 5.2.
This semidefiniteness is in the literature either proved in the special case N = 1,
or in very special cases.
In the sequel we assume that the time t is positive. Due to the time reversal
invariance of the equations, this is not restrictive. We consider r = 2N . We
neglect R(2N) and consider the Hamiltonian
Hnf := HL(ξ, f) + Z0(ξ) + Z1(ξ, f) . (5.1)
We show later that the addition ofR(2N) to Hnf does not change the qualitative
features of the dynamics of the simplified system considered in this section. Z0
and Z1 are as in Definition 4.6, where
Z1(ξ, ξ¯, f, f¯) := 〈G, f〉+ 〈G¯, f¯〉 , (5.2)
G :=
∑
µ,ν
ξµξ¯νΦµν , G¯ =
∑
µ,ν
ξµξ¯νΦµν , (5.3)
Φµν ∈ S(R3,C), with µ, ν such that
2 ≤ |µ|+ |ν| ≤ 2N + 2 , ω · (µ− ν) < −m . (5.4)
The Hamilton equations of this system are given by
f˙ = −i(Bf + G¯) , (5.5)
ξ˙k = −iωkξk − i∂Z0
∂ξ¯k
− i
〈
∂G
∂ξ¯k
, f
〉
− i
〈
∂G¯
∂ξ¯k
, f¯
〉
(5.6)
We prove later that f is asymptotically free in the dynamics of the full system.
We need to examine in detail f in order to extract its main contribution to the
equations for the ξk. Hence we decouple further the dynamics of the discrete
modes and the continuous ones, following the literature, see for instance [CM]
and references therein. We do not change coordinates as in the previous pro-
cedure, since by the resonance between continuous and discrete spectrum the
Hamiltonian is not well defined in terms of the new decoupled variables. So, as
in the literature, we work at the level of vector fields and look for a function
Y = Y (ξ, ξ¯) such that the new variable
g := f + Y¯ (5.7)
is decoupled up to higher order terms from the discrete variables. Substitution
in equation (5.5) yields
g˙ = −iBg − i
{
G¯−
[
B −
∑
k
(
ωkξk
∂
∂ξk
− ωk ξ¯k ∂
∂¯ξk
)]
Y¯
}
+ h.o.t. (5.8)
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where h.o.t. denotes terms which are either at least linear in f or of sufficiently
high degree in ξ (that is, monomials ξµξ¯ν with |µ+ ν| > 2N + 2). We want Y
such that the curly bracket vanishes. Write
Y¯ :=
∑
2≤|µ|+|ν|≤2N+3
ω·(µ−ν)>m
Y¯µν(x)ξ
µ ξ¯ν . (5.9)
The vanishing of the curly bracket in (5.8) is equivalent to
(B − ω · (µ− ν))Y¯µν = Φ¯νµ . (5.10)
Since ω · (µ− ν) ∈ σ(B) we have to regularize the resolvent. We set
R±µν := lim
ǫ→0+
(B − (µ− ν) · ω ∓ iǫ)−1. (5.11)
Now, in the sequel it is important that t ≥ 0. We define
Y¯µν = R
+
µνΦ¯νµ and Yµν = R
+
µνΦ¯νµ = R
−
µνΦνµ . (5.12)
Lemma 5.1. We have Yµν ∈ L2,−s for all s > 1/2, and thus also g ∈ L2,−s for
all s > 1/2.
Proof. Follows immediately from Lemma C.1 in Appendix C.
We substitute (5.7) in the equations for ξ, namely (5.6). Then we get
ξ˙k = −iωkξk − i∂Z0
∂ξk
+ i
〈
∂G
∂ξk
, Y¯
〉
+ i
〈
∂G¯
∂ξk
, Y
〉
(5.13)
−i
〈
∂G
∂ξk
, g
〉
− i
〈
∂G¯
∂ξk
, g¯
〉
. (5.14)
We show in the next section that g is negligible. So we neglect (5.14). A simple
explicit computation using (5.2), (5.9) and (5.12), shows that the system (5.13)
is of the form
ξ˙k = −iωkξk − i∂Z0∂ξk (5.15)
+i
∑
ω·(ν−µ)>m
ω·(µ′−ν′)>m
ξµ+µ
′
ξ
ν′+ν
ξk
νkcµνµ′ν′ + (5.16)
+i
∑
ω·(ν−µ)>m
ω·(µ′−ν′)>m
ξ¯µ+µ
′
ξν
′+ν
ξk
µk c¯µνµ′ν′ , (5.17)
where summations are finite and where
cµνµ′ν′ := 〈Φµν , R+µ′ν′Φ¯ν′µ′〉 . (5.18)
We further simplify by extracting the main terms. In (5.16) all the terms which
do not satisfy µ = ν′ = 0 are negligible, see in particular the estimate of (B.7)
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in Appendix B. In particular, for any of them there is in (5.16) a term such that
µ = ν′ = 0 which is, clearly, larger. In particular all the terms in (5.17) are
negligible (for the proof see the estimate of (B.8) in Appendix B). We ignore
all these terms, and proceed in the discussion. We set N0 = N ∪ {0} and we
consider
M := {µ ∈ Nn0 : µ · ω > m , 2 ≤ |µ| ≤ 2N + 3} . (5.19)
Then, neglecting all negligible terms, we write
ξ˙k = −iωkξk − i∂Z0
∂ξ¯k
+ G0,k(ξ) (5.20)
where we set
G0,k(ξ) := i
∑
ν∈M,µ∈M
ξµξ¯ν
ξ¯k
νkc0νµ0. (5.21)
We focus on (5.20). Following the idea in [BP2, SW1], we apply normal form
theory (in the form of chapter 5 [A]) in order to further simplify the system
(5.20). We consider a change of variables of the form
ηj = ξj +∆j(ξ) (5.22)
which inserted in (5.20) transforms such a system into a perturbation (through
the small function Ej(t) defined in (7.37) and estimated in (7.41)) of the system
η˙k = Ξk(η, η¯) := −iωkηk − i∂Z0
∂η¯k
+Nk(η) (5.23)
where
Nk(η) := iωk∆k(η)− i
∑
j
(
∂∆k
∂ηj
(η)ωjηj − ∂∆k
∂η¯j
(η)ωj η¯j
)
+ G0,k(η). (5.24)
The choice
∆j(ξ) :=
∑
µ∈M,µ′∈M
ω·(µ−ν) 6=0
1
iω · (µ− ν)
ξµξ¯ν
ξ¯j
νjc0νµ0 (5.25)
eliminates all non resonant terms from Nk and reduces it to
Nk(η) = i
∑
µ∈M, ν∈M
ω·(µ−ν)=0
ηµη¯ν
η¯k
νkc0νµ0. (5.26)
Now we have arrived at the key point of our analysis. SinceH0L ≡
∑
k ωk |ηk|2 is
a conserved quantity for the system in which the last term of (5.23) is neglected,
it is natural to compute the Lie derivative £ΞH0L ≡
∑
ωj(η¯j η˙j + ˙¯ηjηj). Notice
that we depart here from [BP2, SW1] and the previous literature, which rather
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than at H0L, less optimally look at Q ≡
∑
k |ηk|2. The reason for choosing H0L
rather than Q is that {Z0, H0L} = 0, while {Z0, Q} = 0 only in the case when
all eigenvalues of −∆ + V are of multiplicity 1. The morale is that with H0L
the multiplicity of the eigenvalues of −∆+ V is irrelevant in the argument. On
the other hand, the choice of Q forces in the literature to the hypothesis that
the eigenvalues be simple, see [Ts, GS, CM] etc. See also the work in [GW] in
the case of a single multiple eigenvalue close to the continuous spectrum.
We compute £ΞH0L using Plemelji formula
1
x∓i0 = PV
1
x ± iπδ(x), from
which one has R±µ0 = PV (B−ω ·µ)−1± iπδ(B−ω ·µ) (where the distributions
in B are defined by means of the distorted Fourier transform associated to
−∆+ V . For the study of positive times, the relevant operator is R+µ0. Define
Λ :=
⋃
µ∈M
{ω · µ} (5.27)
Mλ := {µ ∈M : ω · µ = λ} for λ ∈ Λ (5.28)
Fλ :=
∑
µ∈Mλ
η¯µΦ0µ , Bλ := πδ(B − λ). (5.29)
Our way to normalize the system leads us to what follows.
Lemma 5.2. The following formula holds:
£ΞH0L = −
∑
λ∈Λ
λ〈Fλ;BλF¯λ〉. (5.30)
Moreover, the right hand side is semidefinite negative.
Proof. We have by (5.22) and (5.18)
£ΞH0L = − Im
[ ∑
µ∈M, ν∈M
ω·(µ−ν)=0
ω · νηµη¯ν〈Φ0ν , (B − ω · µ− i0)−1Φ¯0µ〉
]
= −
∑
λ∈Λ
λ Im
[〈Fλ, (B − λ− i0)−1F¯λ〉] .
Plemelji formula yields (5.30). For Ψλ = (B + λ)Fλ we have for k
2 = λ2 −m2
〈Fλ, (B − λ− i0)−1F¯λ〉 = 〈Fλ, R+−∆+V (k2)Ψ¯λ〉.
The latter is well defined, as stated above in Lemma 5.1 and proved in Lemma
C.1 in Appendix C. By Proposition 2.2 ch. 9 [T] or Lemma 7 ch. XIII.8 [RS],
Im
[〈Fλ, R+−∆+V (k2)Ψ¯λ〉] = π〈Fλ, δ(−∆+ V − k2)Ψ¯λ〉 =
= k16π
∫
|ξ|=k F̂λ(ξ)Ψ̂λ(ξ)dσ(ξ) =
2λk
16π
∫
|ξ|=k |F̂λ(ξ)|2dσ(ξ),
where by ŵ we mean the distorted Fourier transform of w associated to −∆+V ,
see Appendix A.1, ch. 9 [T] or section XI.6 [RS].
21
We will see in subsection 7.4 how the structure in (5.30), which continues
to hold in the non simplified system, yields asymptotic stability if we assume
the generic conditions discussed in the next subsection or in (H7). Notice that
the sign of the corresponding term in [CM], see formula (5.11) [CM], is unclear.
Notice that the sign in (5.11) [CM] is nonnegative in the case of 1 eigenvalue, by
an indirect argument, see Corollary 4.6 [CM]. But here we are interested in the
general case, with many eigenvalues. See also the very complicated argument
in [G] to prove the structure (5.31) in very special cases (1 eigenvalue with
N = 2, 3).
5.1 The nondegeneracy assumption
We are ready to state the nondegeneracy assumption mentioned in the intro-
duction. Specifically, we assume:
(H7) there exists a positive constant C and a sufficiently small δ0 > 0 such that
such that for all |η| < δ0∑
λ∈Λ
λ〈Fλ;BλF¯λ〉 ≥ C
∑
µ∈M
|ηµ|2 . (5.31)
M and Λ are large sets, so we characterize (5.31) in terms of somewhat smaller
sets. Set
M̂ = {µ ∈M : νj ≤ µj ∀ j and ν 6= µ⇒ ν 6∈M} (5.32)
Λ̂ :=
⋃
µ∈M̂ {ω · µ} (5.33)
M̂λ :=
{
µ ∈ M̂ : ω · µ = λ
}
for λ ∈ Λ̂.
It is easy to show that (H7) is equivalent to:
(H7’) For any λ ∈ Λ̂ the following matrix is invertible:{〈
Φ¯µ0, BλΦµ′0
〉}
µ,µ′∈M̂λ . (5.34)
Remark 5.3. The set Λˆ depends on m; M̂λ is piecewise constant in m.
In the case where j 6= l implies −λ2j 6= −λ2l (this can be easily arranged
picking V (x) generic, by elementary methods in perturbation theory), the as-
sumption (H7) can be further simplified. Indeed (H5) implies that for any λ ∈ Λ̂
there exists a unique µ ∈ M̂λ. Then (H7’) reduces to
(H7”) For any µ ∈ M̂ one has γµ := 〈Φ¯µ0, Bω·µΦµ0〉 6= 0.
We are now ready to give the proof of Proposition 2.2.
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Proof of Proposition 2.2. We use equation (4.19) in order to compute the
quantities (5.34) as functions of m and of the Taylor coefficients βl of β. Set
c = cµ =
2−
|µ|
2
µ! and Ψµ := B
−1/2ϕµ. Then, (4.19) implies
γµ(m,β4, ..., β|µ|+1)
= γµ(m,β4, ..., β|µ|, 0) + 2cβ|µ|+1Re〈Φµ,0(m,β4, ..., β|µ|, 0), Bω·µΨµ〉 (5.35)
+c2β2|µ|+1〈Ψ¯µ, Bω·µΨµ〉.
We conclude that either (5.35) is independent of β|µ|+1 or there exists at most
two values of β|µ|+1 for any choice of (m,β4, ..., β|µ|) such that (5.35) vanishes.
We show now that, except for at most a finite number of values of m in any
compact interval, (5.35) depends on β|µ|+1. We have, see the proof of (5.30),
〈Ψ¯µ, Bω·µΨµ〉 = 1
16π
∫
|ξ|=
√
(ω·µ)2−m2
|ϕ̂µ(ξ)|2dσ(ξ) , (5.36)
where we are using the distorted Fourier transform associated to −∆+V . Since
the ϕj(x) are smooth functions decaying like e
−|x||λj| with all their derivatives,
and V (x) is chosen exponentially decreasing as well, by Paley Wiener theory
applied to the distorted Fourier transform associated to −∆+ V , the functions
ϕ̂µ(ξ) are analytic, see Remark A.1. If the set where ϕ̂µ(ξ) = 0 does not contain
any sphere, then the proof is completed. If ϕ̂µ(ξ) = 0 on a sphere, say |ξ| = a0,
then, by analyticity, ϕ̂µ(ξ) does not vanish identically on nearby spheres. We
eliminate values of m such that ω(m) · µ = a0. Since ω(m) · µ is a nontrivial
analytic function this can be obtained by removing at most a finite number of
values of m. Repeating the operation for all µ ∈ M̂ (a finite set) one gets that,
apart from a finite set of values of m, the quantity in (5.36) is different from 0.
Thus removing at most two values of β|µ|+1 for each µ ∈ M̂ , one gets γµ > 0
∀µ ∈ M̂ .
Remark 5.4. (5.36) with µ = 3 and ker(−∆+V +λ2) = span{ϕ} is the condition
necessary in the special case in [SW1]. If ϕ̂3(ξ) = ϕ̂3(|ξ|), then the fact that
(5.36) is nonzero reduces to ϕ̂3(
√
9ω2 −m2) 6= 0, which is the condition written
in (1.8) [SW1].
6 Review of linear theory
We collect here some well known facts needed in the paper. First of all, for
our purposes the following Strichartz estimates for the flat equation will be
sufficient, see [DF]:
Lemma 6.1. There is a fixed C such that for any admissible pair (p, q), see
(2.2), we have
‖K ′0(t)u0 +K0(t)v0‖
LptW
1
q
− 1
p
+1
2
,q
x
≤ C‖(u0, v0)‖H1×L2 . (6.1)
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Furthermore, for any other admissible pair (a, b),
‖
∫
s<t
K0(t− s)F (s)ds‖
LptW
1
q
− 1
p
+1
2
,q
x
≤ C‖F‖
La
′
t W
1
a
− 1
b
+1
2
,b′
x
, (6.2)
where given any p ∈ [1,∞] we set p′ = pp−1 .
We next consider the linearization of (1.1). Notice that under (H1) for any
k ∈ N ∪ {0} and p ∈ [1,∞] the functionals 〈·, ϕj〉 are bounded in W k,p. Let
W k,pc , H
k
c if p = 2, be the intersection of their kernels in W
k,p. We recall the
following result by [Y].
Theorem 6.2. Assume: (H2); |∂αxV (x)| ≤ C〈x〉−σ for |α| ≤ k, for fixed C and
σ > 5. Consider the strong limits
W± = lim
t→±∞
eit(−∆+V )eit∆ , Z± = lim
t→±∞
e−it∆eit(∆−V )Pc. (6.3)
Then W± : L2 → L2c are isomorphic isometries which extend into isomorphisms
W± : W k,p → W k,pc for all p ∈ [1,∞]. Their inverses are Z±. For any Borel
function f(t) we have, for a fixed choice of signs,
f(−∆+ V )Pc =W±f(−∆)Z± , f(−∆)Pc = Z±f(−∆+ V )PcW±. (6.4)
Because of 1q − 1p + 12 = 52 (12 − 1q ) ∈ [0, 5/6] for all admissible pairs (p, q), by
Theorem 6.2 for k ≤ 2 we have the following transposition of Lemma 6.1 to our
non flat case.
Lemma 6.3. Set K(t) = sin(tB)/B. Then, if we assume (H1)–(H2) there is
a fixed constant C0 such that for any two admissible pairs (p, q) and (a, b) we
have
‖K ′(t)u0 +K(t)v0‖
LptW
1
q
− 1
p
+1
2
,q
x
≤ C0‖(u0, v0)‖H1×L2 .
‖
∫
s<t
K(t− s)F (s)ds‖
LptW
1
q
− 1
p
+1
2
,q
x
≤ C0‖F‖
La
′
t W
1
a
− 1
b
+1
2
,b′
x
.
(6.5)
By Theorem 6.2 for k ≤ 2 we have the following transposition of the analo-
gous estimates of the flat case, which in turn are equivalent to Lemma 6.1.
Lemma 6.4. If we assume (H1)–(H2) there is a fixed constant C0 such that
for any two admissible pairs (p, q) and (a, b) we have
‖e−itBPcu0‖
LptW
1
q
− 1
p
,q
x
≤ C0‖u0‖H1/2
‖
∫
s<t
ei(s−t)BPcF (s)ds‖
LptW
1
q
− 1
p
,q
x
≤ C0‖F‖
La
′
t W
1
a
− 1
b
+1,b′
x
.
(6.6)
Sketches of proofs of Lemmas 6.5 and 6.6 are in Appendix A.
Lemma 6.5. Assume (H1)–(H2) and consider m < a < b <∞. Then for any
γ > 9/2 there is a constant C = C(γ) such that we have
‖e−iBtRB(µ+ i0)g‖H−4,−γx ≤ C〈t〉−
3
2 ‖g‖L2,γx for any µ ∈ [a, b] and t ≥ 0 .
(6.7)
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Lemma 6.6. Assume (H1)–(H2).Then for any s > 1 there is a fixed C0 =
C0(s, a) such that for any admissible pair (p, q) we have∥∥∥∥∫ t
0
ei(t
′−t)BPcF (t′)dt′
∥∥∥∥
LptW
1
q
− 1
p
,q
x
≤ C0‖B 12PcF‖LatL2,sx (6.8)
where for p > 2 we can pick any a ∈ [1, 2] while for p = 2 we pick a ∈ [1, 2).
7 Nonlinear estimates
We apply Theorem 4.9 for r = 2N (recall N = N1 where Njωj < m < (Nj +
1)ωj). Then we study the solutions of the Hamilton equations of H
(2N) with
initial data corresponding to orginal ones. In particular f and ξ denote the
solutions of such equations.
We will show:
Theorem 7.1. There exist constants C > 0 and ε0 > 0 such that, if the
initial data in terms of the original variables fulfill ‖(u0, v0)‖H1×L2 ≤ ǫ, with
ǫ ∈ (0, ε0), then we have
‖f‖
Lpt (R,W
1/q−1/p,q
x )
≤ Cǫ for all admissible pairs (p, q) (7.1)
‖ξµ‖L2t(R) ≤ Cǫ for all multi indexes µ with ω · µ > m (7.2)
‖ξj‖W 1,∞t (R) ≤ Cǫ for all j ∈ {1, . . . , n} . (7.3)
Theorem 7.1 implies (2.3). The existence of (u±, v±) is instead a consequence
of Lemma 7.8 below.
Remark 7.2. By (3.5) one has |ξ|L∞t (R)+‖f‖L∞t (R,H
1
2
x )
. ǫ. Also (7.3) is an easy
consequence of (3.5) and (3.12), so it will be assumed.
Remark 7.3. By the time reversibility of (1.1) it is not restrictive to prove
Theorem 7.1 with R replaced by [0,∞). So in the sequel we will consider t ≥ 0
only.
Remark 7.4. We have for any bounded interval I
f ∈ Lpt (I,W 1/q−1/p,qx ) for all admissible pairs (p, q) . (7.4)
This can be seen as follows. u ∈ L∞t (R, H1x), implies u3 ∈ L∞t (R, L2x) and
‖β′(u)‖L2x ≤ ‖u‖3L6x . ‖u‖
3
H1x
. By Lemma 6.3 and (3.6), this implies u ∈
Lpt (I,W
1/q−1/p,q
x ) over any bounded interval I for any admissible pair (p, q).
Then, the estimate (4.20) implies that the property persists also after the nor-
malizing transformation.
We prove Theorem 7.1 by means of a standard continuation argument,
spelled out for example in formulas (2.6)–(2.8) [So]. We know that ‖f(0)‖H1/2+
|ξ(0)| ≤ c0ǫ. We can consider a fixed constant C3 valid simultaneously for Lem-
mas 6.4–6.6. Suppose that the following estimates hold
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‖f‖
Lpt ([0,T ],W
1/q−1/p,q
x )
≤ C1ǫ for all admissible pairs (p, q) (7.5)
‖ξµ‖L2t([0,T ]) ≤ C2ǫ for all multi indexes µ with ω · µ > m (7.6)
for fixed large multiples C1, C2 of c0C3. Then we will prove that, for ǫ sufficiently
small independent of T , (7.5) and (7.6) imply the same estimate but with C1,
C2 replaced by C1/2, C2/2. Then (7.5) and (7.6) hold with [0, T ] replaced by
[0,∞).
7.1 Estimate of the continuous variable f
Consider H(2N) = HL + Z
(2N) + R(2N). We set Z = Z(2N) and R = R(2N).
Then we have
if˙ −Bf = ∇f¯Z1 +∇f¯R (7.7)
Lemma 7.5. Assume (7.5), and (7.6), and fix a large s > 0. Then there is
a constant C = C(C1, C2) independent of ǫ such that the following is true: we
have ∇f¯R = R1 +R2 with
‖R1‖
L1t ([0,T ],H
1
2
x )
+ ‖B 12PcR2‖
L
2
N+1
N+2
t ([0,T ],L
2,s
x )
≤ C(C1, C2)ǫ2. (7.8)
Proof. For d ≤ 1 and arbitrary fixed s we have ∇f¯Rd ∈ H 12 ,s. By (iii0–iii1)
and Theorem 4.9
‖∇f¯R0‖H 12 ,s + ‖∇f¯R1‖H 12 ,s ≤ C|ξ|
2N+3.
Hence by (7.6) and Remark 7.2∥∥∇f¯ (R0 +R1)∥∥
L1t ([0,T ],H
1
2
x )
. ‖|ξ|N+1‖2L2t ‖ξ‖L∞t ≤ C
2
2Cǫ
3. (7.9)
∇f¯Rd with d ≤ 1 is absorbed in R1. For d = 2, 3 we have
∇f¯Rd =
d√
2
B−
1
2 (Fd(x, z, B
− 1
2 f(t, ·))Ud−1(t, ·))+
+
1√
2
B−
1
2 (∂wFd(x, z, B
− 1
2 f(t, ·))Ud(t, ·))+
+∇g
(∫
R3
Fd(x, ξ, g, B
− 1
2 f(t, x))[U(t, x)]ddx
)
g=f
.
(7.10)
Similarly for (ξ′, f ′) = T (ξ, f) and U ′ = 1√
2B
(f ′ + f ′) we have
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∇f¯R4 = 2
√
2B−
1
2 (F4(x, ξ
′, U ′(t, ·))U3(t, ·))+
+
1√
2
B−
1
2 (∂Y F4(x, ξ
′, U ′(t, ·))U4(t, ·))+
+
n∑
j=1
∫
R3
∂ξ′jF4(x, ξ
′, U ′(t, x))[U(t, x)]4dx ∇fξ′j
+
∑
µν
∫
R3
∂Y F4(x, ξ
′, U ′(t, x))Ψµν (x)[U(t, x)]4dx ∇f¯Gµν(z),
(7.11)
Gµ,ν as in Lemma 4.3, Ψµν(x) ∈ S(R3,C) and Y as in (3) Lemma 3.2.
The sums of the contributions from the first two lines of (7.10)–(7.11) are
schematically of the form
B−
1
2
[(
Φ1(x, z)B
− 1
2 f
)
+
(
Φ2(x)(B
− 1
2 f)2
)
+ f3
]
, (7.12)
with a Φ2 ∈ Hk,s(R3,C) and with Φ1(x, z) ∈ C∞(U−k,−sz , Hk,s(R3x,C)) such
that ‖Φ1(x, z)‖Hk,s ≤ C ‖z‖P−k,−s . R2 is formed by the first term in (7.12),
while all the rest can be absorbed in R1. The last line of (7.10) and the last
two lines of (7.11) are absorbed in R1. Let us start with the terms forming R1.
By Theorem 6.2, using the wave operator Z+ in (6.3), we have
‖B− 12
(
Φ2(x)(B
− 1
2 f)2
)
‖
L1tH
1
2
x
. ‖Z+B− 12
(
Φ2(x)(B
− 1
2 f)2
)
‖
L1tH
1
2
x
= ‖(−∆+m2)− 12Z+
(
Φ2(x)(B
− 1
2 f)2
)
‖
L1tH
1
2
x
. ‖
(
Φ2(x)(B
− 1
2 f)2
)
‖L1tL2x . ‖B−
1
2 f‖2L2tL6x . ‖Z+B
− 1
2 f‖2L2tL6x
= ‖(−∆+m2)− 12Z+f‖2L2tL6x ≈ ‖Z+f‖
2
L2tW
−1/2,6
x
. ‖f‖2
L2tW
−1/2,6
x
. ‖f‖2
L2tW
−1/3,6
x
≤ C21 ǫ2,
(7.13)
where in the last line we used (7.6). Proceeding similarly, by Remark 7.2 and
(H6),
‖B− 12 (B− 12 f)3‖
L1tH
1
2
x
. ‖(B− 12 f)3‖L1tL2x . ‖B−
1
2 f‖L∞t L6x‖B−
1
2 f‖2L2tL6x
. ‖f‖
L∞t W
− 1
2
,6
x
‖f‖2
L2tW
−1/3,6
x
. ‖f‖
L∞t H
1
2
x
‖f‖2
L2tW
−1/3,6
x
. C21 ǫ
3.
(7.14)
Looking at the third line of (7.10) we have
‖∇g
∫
R3
Fd(x, ξ, g, B
− 1
2 f(t, x))g=f [U(t, x)]
ddx‖
L1tH
1/2
x
=
‖ sup
‖ψ‖
H
− 1
2
x
=1
∫
R3
dgFd(x, ξ, g, B
− 1
2 f(t, x))g=f [ψ][U(t, x)]
ddx‖L1t .
(7.15)
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For d = 2 by (7.13) and by (4.24) the rhs of (7.15) is
≤ C sup
‖ψ‖
H
− 1
2
x
=1
‖dgF2(x, ξ, g, B− 12 f(t, x))g=f [ψ]‖
L
3
2
x
‖B− 12 f‖2L2tL6x ≤ CC
2
1 ǫ
2.
(7.16)
For d = 3 by (7.13) the rhs of (7.15) is similarly ≤
C sup
‖ψ‖
H
− 1
2
x
=1
‖dgF3(x, ξ, g, B− 12 f(t, x))g=f [ψ]‖L2x‖(B−
1
2 f)3‖L1tL2x ≤ CC31 ǫ3.
(7.17)
We have by (7.14)
‖
∫
R3
∂ξ′jF4(x, ξ
′, U ′(t, x))[U(t, x)]4dx‖L1t ‖∇fξ′j‖H 12x
≤ C‖B− 12 f‖L∞t L2x‖(B−
1
2 f)3‖L1tL2x ≤ CC41 ǫ4
(7.18)
and
‖
∫
R3
∂Y F4(x, ξ
′, U ′(t, x))Ψµν(x)[U(t, x)]4dx‖L1t ‖∇f¯Gµν(z)‖H 12x
≤ C‖B− 12 f‖L∞t L2x‖(B−
1
2 f)3‖L1tL2x ≤ CC41 ǫ4.
(7.19)
Collecting in R1 all terms estimated in (7.9) and (7.13)–(7.18) yields the
estimate for R1. Let R2 be a sum of terms of the form ξB
− 1
2
(
Φ1(x)B
− 1
2 f
)
.
Then, proceeding as for (7.13)–(7.14) and by (7.5) and (7.6)
‖ξB− 12
(
Φ1B
− 1
2 f
)
‖
L
2
N+1
N+2
t H
1
2
,s
x
. ‖ξPc
(
Φ1B
− 1
2 f
)
‖
L
2
N+1
N+2
t L
2,s
x
. ‖ξ‖L2N+2t ‖B
− 1
2 f‖L2tL6x ≤ C1ǫ‖f‖L2tW−1/3,6x ≤ C2C1ǫ
2.
(7.20)
Remark 7.6. By
|∇ξ¯R| . |ξ|2N+3 + |ξ|2N+2‖B−
1
2 f‖L2,−sx (7.21)
+‖B− 12 f‖2
L2,−sx
+ ‖B− 12 f‖ 32
L2,−sx
‖B− 12 f‖ 32L6x ;
and by the same method as above one can prove for a fixed C∥∥∂ξ¯R∥∥L1t ≤ CC1(C2 + C1 + C21 )ǫ2. (7.22)
One also has the easier estimate for fixed C and C0
‖
∫ t
0
eiB(s−t)∇f¯Z1‖
LptW
1
q
− 1
p
,q
x
≤ C0‖∇f¯Z1‖
L2tW
1
3
+1
2
, 6
5
x
≤ CC0C2ǫ. (7.23)
The important fact is that (7.23) is independent of C1.
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Proposition 7.7. Assume (7.5) and (7.6). Then there exist constants K1 and
C = C(C1, C2) such that, if C(C1, C2)ǫ < C0, with C0 the constant in Lemma
6.4, then we have
‖f‖
Lpt ([0,T ],W
1/q−1/p,q
x )
≤ K1ǫ for all admissible pairs (p, q) . (7.24)
Proof. Using Lemma 7.5 we write
f = e−iBtf(0)− i
∫ t
0
eiB(s−t)∇f¯Zds− i
2∑
j=1
∫ t
0
eiB(s−t)PcRjds. (7.25)
By (6.6) for (a, b) = (∞, 2) and (7.8)
‖
∫ t
0
eiB(s−t)R1ds‖
Lpt ([0,T ],W
1
q
− 1
p
,q
x )
≤ C‖R1‖
L1t([0,T ],H
1
2
x )
≤ C(C1, C2)ǫ2.
(7.26)
Similarly, by (6.8) and (7.8), we get for s > 1
‖
∫ t
0
eiB(s−t)PcR2ds‖
Lpt ([0,T ],W
1
q
− 1
p
,q
x )
≤ C‖
√
BPcR2‖
L
2
N+1
N+2
t ([0,T ],L
2,s
x )
≤ C(C1, C2)ǫ2.
(7.27)
Then the proof is obtained by (7.26)–(7.27), by (7.23) and by
‖e−iBtf(0)‖
Lpt (R,W
1
q
− 1
p
,q
x )
≤ C0‖f(0)‖
H
1
2
≤ K0ǫ,
which follows by (6.6).
We end this subsection by proving asymptotic flatness of f if Theorem 7.1
holds.
Lemma 7.8. Assume Theorem 7.1. Then there exists f+ ∈ H
1
2
x such that
lim
t→±∞
∥∥f(t)− e−iBtf+∥∥
H
1
2
x
= 0. (7.28)
Proof. We have
eitBf(t) = f(0)− i
∫ t
0
eisB∇f¯ (Z1 +R)ds
and so for t1 < t2
eit2Bf(t2)− eit1Bf(t1) = −i
∫ t2
t1
eit
′B∇f¯ (Z1 +R)dt′.
By Lemmas 6.4, 6.6 and 7.5 and by (7.23), we get for t1 →∞ and t1 < t2
‖eit2Bf(t2)− eit1Bf(t1)‖
H
1
2
x
= ‖
∫ t2
t1
eit
′B∇f¯ (Z1 +R)dt′‖
H
1
2
x
≤
‖R1‖
L1t ([t1,t2],H
1
2
x )
+ ‖
√
BPcR2‖
L
2
N+1
N+2
t ([t1,t2],L
2,s
x )
+ ‖∇f¯Z1‖
L2t([t1,t2],W
5
6
, 6
5
x )
→ 0.
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Then f+ = limt→∞ eitBf(t) satisfies the desired properties.
Lemma 7.8 implies the existence of the (u+, v+) and their properties in
Theorem 2.3.
7.2 Estimate of g
Consider the g defined in (5.7), (5.9), (5.12). If f , ξ satisfy the Hamilton
equations of (4.17), then g satisfies
ig˙ −Bg = ∇f¯R+
∑
k
[
∂ξk Y¯ ∂ξ¯k (Z +R)− ∂ξ¯k Y¯ ∂ξk (Z +R)
]
. (7.29)
We have:
Lemma 7.9. Assume (7.5) and (7.6). Fix s > 9/2. Then, there are constants
ǫ0 > 0 and C > 0 such that, for ǫ ∈ (0, ǫ0) and for C0 the constant in Lemma
6.4, we have
‖g‖L2t([0,T ],H−4,−sx ) ≤ C0ǫ+ Cǫ
2. (7.30)
Proof. We can apply Duhamel formula and write
g(t) = e−iBtg(0)− i
∫ t
0
eiB(t
′−t)[∇f¯R+ second term rhs(7.29)]dt′. (7.31)
First of all we prove ‖e−iBtg(0)‖L2tH−4,−sx ≤ C0ǫ +O(ǫ
2). To this end recall
that g(0) = f(0) + Y¯ (0). By Schwarz and Strichartz inequalities (see Lemma
6.4) we have
‖e−iBtf(0)‖L2tH−4,−sx . ‖e
−iBtf(0)‖
L2tW
− 1
3
,6
x
≤ C0ǫ.
The estimate of ‖e−iBtY¯ (0)‖L2tH−4,−sx follows from
‖e−iBtξµ(0)ξ¯ν(0)R+µνΦνµ‖L2tH−4,−sx . |ξ
µ(0)ξ
ν
(0)|‖Φνµ‖L2,sx . ǫ|µ+ν|,
which in turn follows from Lemma 6.5. We have by Lemma 7.5 and by the proof
of Lemma 7.7,
‖
∫ t
0
eiB(t
′−t)∇f¯R‖L2tH−4,−sx ≤ ‖
∫ t
0
eiB(t
′−t)∇f¯R‖
L2tW
− 1
3
,6
x
≤ C(C1, C2)ǫ2.
The second term in the rhs of (7.29) contributes through various terms to (7.31).
We consider the main ones (for the others the argument is simpler). Consider
in particular contributions from Z0. For µj 6= 0 we have by Lemma 6.5
‖ ∫ t0 ei(t′−t)B ξµ ξ¯νξj ∂ξjZ0R+µνΦνµdt′‖L2tH−4,−sx ≤ C‖ ξµ ξ¯νξj ∂ξjZ0‖L2t‖Φνµ‖L2,sx .
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We need to show
‖ ξµξ¯νξj ∂ξjZ0‖L2t = O(ǫ2). (7.32)
By (5.4) and (5.12) we have
ω · (µ− ν) > m. (7.33)
Let ξαξ¯β be a generic monomial of Z0. The nontrivial case is βj 6= 0. Then
∂ξj (ξ
αξ¯β) = βj
ξαξ¯β
ξj
. By Definition 4.6 we have ω · (α− β) = 0, and by Remark
4.8, |α| = |β| ≥ 2. Thus in particular one has
ω · α ≥ ωj =⇒ ω · (µ+ α)− ωj > m . (7.34)
So, by remark 7.2 and (7.6), the following holds
‖ξ
µξ¯ν
ξj
ξαξ¯β
ξj
‖L2t ≤ ‖
ξνξβ
ξj
‖L∞t ‖
ξµξα
ξj
‖L2t ≤ C2Cǫ|ν|+|β| ≤ CC2ǫ2, (7.35)
where we used |ξl| = |ξ¯l|. This completes the proof of Lemma 7.9.
7.3 Estimate of the discrete variables ξ
We now return to discrete variables.
Lemma 7.10. Let (ξ(t), f(t)) be a solution of the Hamilton equations of H(2N)
and let (η(t), g(t)) be the corresponding solution defined throgh (5.22) and (5.7),
then one has
η˙j = −iωjηj − i∂Z0
∂ξ¯j
(η) +Nj(η) + Ej(t) (7.36)
where Nj is defined by (5.26), and the remainder Ej is given by
Ej(t) := G1,j(ξ) − i
〈
∂G
∂ξ¯x
(ξ); g
〉
− i
〈
∂G¯
∂ξ¯j
(ξ); g¯
〉
− i∂R
(2N)
∂ξ¯j
(ξ, f) (7.37)
− i
∑
k
[
∂∆j
∂ξk
(
∂Z(2N)
∂ξ¯k
+
∂R(2N)
∂ξ¯k
)
− ∂∆j
∂ξ¯k
(
∂Z(2N)
∂ξk
+
∂R(2N)
∂ξk
)]
+
(
Nj(ξ) −Nj(η)− i∂Z0
∂ξ¯j
(ξ) + i
∂Z0
∂ξ¯j
(η)
)
,
and
G1,k(ξ) := (5.16) + (5.17)− G0,k(ξ) . (7.38)
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Proof. First we write the equation for ξ. It is convenient to have in mind the
expression in terms of (ξ, f) and an expression involving also the g variables,
namely
ξ˙j = −iωjξj − i∂Z
(2N)
∂ξ¯j
(ξ, f)− i∂R
(2N)
∂ξ¯j
(ξ, f) (7.39)
= −iωjξj − i∂Z0
∂ξ¯j
(ξ, f)− G0,j(ξ) + L(1)j (ξ, f, g) ,
where we defined
L
(1)
j (ξ, f, g) := G1,j(ξ)− i
〈
∂G
∂ξ¯x
(ξ); g
〉
− i
〈
∂G¯
∂ξ¯j
(ξ); g¯
〉
− i∂R
(2N)
∂ξ¯j
(ξ, f) . (7.40)
Here and in the rest of the proof, the terms denoted by capital l will be included
in the remainder.
Introducing the variables η, we have
η˙j =
∑
k
(
δjk +
∂∆j
∂ξk
)
ξ˙k +
∂∆j
∂ξ¯k
˙¯ξk
= ξ˙j +
∂∆j
∂ξk
ξ˙k +
∂∆j
∂ξ¯k
˙¯ξk
= ξ˙j − i
∑
k
ωk
(
ξk
∂∆j
∂ξk
− ξ¯k ∂∆j
∂ξ¯k
)
+ L
(2)
j (ξ, f)
where L
(2)
j (ξ, f) :=
− i
∑
k
[
∂∆j
∂ξk
(
∂Z(2N)
∂ξ¯k
+
∂R(2N)
∂ξ¯k
)
− ∂∆j
∂ξ¯k
(
∂Z(2N)
∂ξk
+
∂R(2N)
∂ξk
)]
.
Then using the other form of the equations for ξ, we have
η˙j = −iωjξj − i∂Z0
∂ξ¯j
(ξ) + G0,j(ξ)
−i
∑
k
ωk
(
ξk
∂∆j
∂ξk
− ξ¯k ∂∆j
∂ξ¯k
)
+L
(1)
j (ξ, f, g) + L
(2)
j (ξ, f) .
Insert now in the first term at r.h.s ξj = ηj −∆j(ξ). Thus we get
η˙j = −iωjηj + iωj∆j(ξ)− i∂Z0
∂ξ¯j
(ξ) + G0,j(ξ)
−i
∑
k
ωk
(
ξk
∂∆j
∂ξk
− ξ¯k ∂∆j
∂ξ¯k
)
+L
(1)
j (ξ, f, g) + L
(2)
j (ξ, f) ,
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which, recalling the definition (5.24) of Nj , takes the form
η˙j = −iωjηj +Nj(ξ)− i∂Z0
∂ξ¯j
(ξ)
+L
(1)
j (ξ, f, g) + L
(2)
j (ξ, f)
= −iωjηj +Nj(η)− i∂Z0
∂ξ¯j
(η)
+
(
Nj(ξ)−Nj(η)− i∂Z0
∂ξ¯j
(ξ) + i
∂Z0
∂ξ¯j
(η)
)
+ L
(1)
j (ξ, f, g) + L
(2)
j (ξ, f) .
Defining Ej as the last line of this formula one has the result.
We have:
Lemma 7.11. There is a fixed C such that for ǫ small enough we have∑
j
‖ηjEj‖L1t ≤ CC2ǫ
2 (7.41)
The important fact is that the right hand side is only linear in C2. The proof
of this lemma is postponed to Appendix B.
7.4 End of the proof of Theorem 7.1
Using the notations of section 5, for solutions of the system (7.36) we have
dH0L
dt
= −
∑
λ∈Λ
〈Fλ;BλF¯λ〉+
∑
j
ωj(ηj E¯j + η¯jEj) (7.42)
Integrating and reorganizing we get
H0L(t) +
∑
λ
∫ t
0
〈Fλ;BλF¯λ〉(s)ds = H0L(0) +
∫ t
0
∑
j
ωj(ηj E¯j + η¯jEj)(s)ds.
Using the positivity of H0L, we immediately get∑
λ
∫ t
0
〈Fλ;BλFλ〉(s)ds ≤ (C + CC2)ǫ2 , (7.43)
from which, using assumption (H7), we get∑
µ∈M
∫ T
0
|ηµ|2dt ≤ (C + CC2)ǫ2,
which implies ∑
µ∈M
∫ T
0
|ξµ|2dt ≤ (C + CC2)ǫ2.
We have thus proved the following final step of the proof:
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Theorem 7.12. The inequalities (7.5) and (7.6) imply
‖f‖
Lrt ([0,T ],W
1/p−1/r,p
x )
≤ K1(C2)ǫ for all admissible pairs (r, p) (7.44)
‖ξµ‖L2t([0,T ]) ≤ C
√
C2ǫ for all multi indexes µ with ω · µ > m (7.45)
Thus, provided that C2/2 > C
√
C2 and C1/2 > K1(C2), we see that (7.5)–
(7.6) imply the same estimates but with C1, C2 replaced by C1/2, C2/2. Then
(7.5) and (7.6) hold with [0, T ] replaced by [0,∞). This yields Theorem 7.1.
A Proofs of Lemmas 6.5 and 6.6
A.1 Proof of Lemma 6.5
By a simple argument as in p.24 [SW1] which uses Theorem 6.2, it is enough to
prove, that, for any fixed χ ∈ C∞0 ((m,∞),R) with χ ≡ 1 in [a, b], we have for
s > 9/2
‖χ(B)e−iBtRB(µ+ i0)g‖L2,−sx ≤ C〈t〉−
3
2 ‖g‖L2,sx , (A.1)
for some fixed C which depends on χ. Indeed, for χ = 1−χ, for any µ ∈ [a, b], for
s > 3/2 and for a fixed small η > 0, there is C such that, for B0 =
√−∆+m2
‖χ(B)e−iBtRB(µ)g‖H−4,−sx ≤ ‖χ(B)e−iBtRB(µ)g‖W−4+η,∞x
≤ C3‖χ(B0)e−iB0tRB0(µ)Z+g‖W−4+η,∞x ≤ C2〈t〉−
3
2 ‖Z+g‖L1x
≤ C1〈t〉− 32 ‖g‖L1x ≤ C〈t〉−
3
2 ‖g‖L2,sx ,
(A.2)
for all g ∈ L2,sx . So we focus on (A.1). We have
〈x〉−γχ(B)e−iBtR+(µ)〈y〉−γ =
lim
ǫց0
e−iµt〈x〉−γ
∫ +∞
t
e−i(B−µ−iǫ)sχ(B)ds〈y〉−γ .
(A.3)
Using the distorted plane waves u(x, ξ) associated to the continuous spectrum
of −∆+ V , we can write the following integral kernel:
〈x〉−γ
(
χ(B)e−i(B−µ−iǫ)s
)
(x, y)〈y〉−γ =
〈x〉−γ
∫
R3
u(x, ξ)e(−i
√
ξ2+m2+iµ−ǫ)sχ(
√
ξ2 +m2)u¯(y, ξ)dξ〈y〉−γ .
(A.4)
We have u(x, ξ) = eix·ξ+ eix·ξw(x, ξ), with w(x, ξ) the unique solution in L2,−s,
s > 1/2, of the integral equation
w(x, ξ) = −F (x, ξ)−
∫
R3
w(y, ξ)V (y)
ei|ξ||y−x|
4π|y − x|e
i(y−x)·ξdy, (A.5)
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with
F (x, ξ) =
∫
R3
V (y)
ei|ξ||y−x|
4π|y − x|e
i(y−x)·ξdy. (A.6)
It is elementary to show that |V (x)| ≤ C〈x〉−5−σ for σ > 0 implies that, for ξ
in the support of χ(
√
ξ2 +m2) and for |α| ≤ 3, then |∂αξ F (x, ξ)| ≤ c˜α〈x〉|α|−1
for fixed constants c˜α. By elementary arguments, as in [Cu2], from station-
ary scattering theory it is possible for |α| ≤ 3 to conclude correspondingly
|∂αξ w(x, ξ)| ≤ cα〈x〉|α|−1 for fixed constants cα. Then, using e−is
√
ξ2+m2 =
i
√
ξ2+m2
|ξ|s
d
d|ξ|e
−is
√
ξ2+m2 we have
rhs(A.4) = (−1)r〈x〉−γ〈y〉−γ×∫
R3
e(−i
√
ξ2+m2+iµ−ǫ)s
(
∂
∂|ξ|
i
√
ξ2 +m2
|ξ|s
)r [
u(x, ξ)χ(
√
ξ2 +m2)u¯(y, ξ)
]
dξ.
This yields
|rhs(A.4)| ≤ c〈x〉−γ+r〈y〉−γ+rs−re−ǫt and so
|rhs(A.3)| ≤ c〈x〉−γ+r〈y〉−γ+rt−r+1.
For γ > r + 3/2 and r = 3, we obtain the conclusion.
Remark A.1. Notice that when |V (y)| ≤ Ce−a|y| for a > 0, equations (A.5)–
(A.6) make sense with i|ξ| replaced by√−ξ21 − ξ22 − ξ23 with ξ in an open neigh-
borhood U of R3\{0} in C3\{0}. Then we get solutions w(x, ξ) bounded and
analytic in ξ. Correspondingly we obtain u(x, ξ) for ξ ∈ U analytic in U and
with |u(x, ξ)| ≤ Ce|x|
∑
3
j=1 | Im ξj |. Consequently, if |v(x)| ≤ c0e−b|x| for b > 0
and for the distorted plane wave transformation
v̂(ξ) = (2π)−
3
2
∫
R3
u(y, ξ)v(y)dy, (A.7)
then v̂(ξ) extends into an holomorphic function in some open neighborhood of
R3\{0} in C3\{0}.
A.2 Proof of Lemma 6.6
The proof originates from [M] (in fact see also [RSc]) but here we state the steps
of a simplification in [CT]. We first state Lemmas A.2–A.3. They imply Lemma
6.6 by an argument in [M]. First of all we need some estimates on the resolvent,
for the proof see Lemma 2.8 [DF]:
Lemma A.2. For any s > 1 there is a C > 0 such that for any z with Im z > 0
we have
‖RB(z)Pc‖B(L2,sx ,L2,−sx ) ≤ C. (A.8)
Estimates (A.8) yield a Kato smoothness [K1] result, see the proof of Lemma
3.3 [CT]:
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Lemma A.3. For any s > 1 there is a C such that for all Schwartz functions
u0(x) and g(t, x) we have
‖e−iBtPcu0‖L2tL2,−sx ≤ C‖Pcu0‖L2x (A.9)∥∥∫
R
eitBPcg(t, ·)dt
∥∥
L2x
≤ C‖Pcg‖L2tL2,sx . (A.10)
Now we are ready to prove Lemma 6.6. For g(t, x) ∈ C∞0 (R× R3) set
Tg(t) =
∫ +∞
0
e−i(t−s)BPcg(s)ds.
(A.10) implies f :=
∫ +∞
0 e
isBPcg(s)ds ∈ L2x. Lemma 6.4 implies that for all
(p, q) admissible we have
‖Tg(t)‖
LptW
1
q
− 1
p
,q
x
. ‖f‖
H
1
2
x
. ‖
√
BPcg‖L2tL2,sx
where the last inequality follows from (A.10) and Theorem 6.2:
‖f‖
H
1
2
x
. ‖Z+f‖
H
1
2
x
. ‖(−∆+m2) 14Z+f‖L2x
. ‖
√
Bf‖L2x . ‖
√
BPcg‖L2tL2,sx , by
√
Bf =
∫ +∞
0
eisB
√
BPcg(s)ds ∈ L2x.
Notice that (A.10) implies also ‖f‖
H
1
2
x
. ‖√BPcg‖LatL2,sx for any a ∈ [1, 2]. The
following well known results by Christ & Kieselev, see Lemma 3.1 [SmS], yields
Lemma 6.6.
Lemma A.4. Consider two Banach spaces and X and Y and K(s, t) continuous
function valued in the space B(X,Y ). Let
TKf(t) =
∫ ∞
−∞
K(t, s)f(s)ds and T˜Kf(t) =
∫ t
−∞
K(t, s)f(s)ds.
Then we have: Let 1 ≤ a < b ≤ ∞ and I an interval. Assume that there exists
C > 0 such that
‖TKf‖Lb(I,Y ) ≤ C‖f‖La(I,X).
Then
‖T˜Kf‖Lb(I,Y ) ≤ C′‖f‖La(I,X)
where C′ = C′(C, a, b) > 0.
B Proof of Lemma 7.11.
First of all (7.6) immediately implies the estimate
‖ηµ‖L2t ([0,T ]) ≤ 2C2ǫ for all multi indexes µ with ω · µ > m. (B.1)
Let us start with the contribution of the the last line of (7.37).
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Lemma B.1. We have∥∥∥∥[−∂Z0∂ξ¯j (ξ) +Nj(ξ) + ∂Z0∂ξ¯j (η)−Nj(η)
]
ηj
∥∥∥∥
L1t
≤ Cǫ3. (B.2)
Proof. For definiteness we focus on ‖(∂jZ0(ξ)− ∂jZ0(η))η¯j‖L1t . It is enough to
consider quantities ξα ξ¯
β
ξ¯j
η¯j − ηα η¯
β
η¯j
η¯j with ω · α = ω · β and βj > 0. By Taylor
expansion these are∑
k
∂k
(
ξαξ¯β
ξ¯j
)
(ηk − ξk)η¯j +
∑
k
∂k
(
ξαξ¯β
ξ¯j
)
(η¯k − ξ¯k)η¯j + η¯jO(|ξ − η|2).
The reminder term is the easiest, the other two terms similar. Substituting
(5.22), a typical term in the first summation is ξ
α+Aξ¯B+β
|ξk|2 , with all four α, β, A
and B in M and with αk 6= 0 6= Bk. (H5) and ω · α = ω · β imply that there is
at least one index βℓ 6= 0 such that ωℓ = ωk. Then∥∥∥∥ ξαξ¯βξAξ¯B|ξk|2
∥∥∥∥
L1t
≤ ∥∥ξA∥∥
L2t
∥∥∥∥ξBξℓξk
∥∥∥∥
L2t
∥∥∥∥ξαξ¯βξℓξk
∥∥∥∥
L∞t
. C22 ǫ
|α|+|β| ≤ C22ǫ4 (B.3)
by the fact that monomials ξαξ¯β in Z0 are such that |α| = |β| ≥ 2. Other terms
can be bounded similarly.
Lemma B.2. For ǫ small enough we have∥∥∥ηj〈∂ξjG, g〉∥∥∥L1t +
∥∥∥ηj〈∂ξj G¯, g〉∥∥∥L1t ≤ CC2ǫ2.
Proof. We first bound
∥∥∥ηj〈∂ξ¯jG, g〉∥∥∥
L1t
. We have by Lemma 7.9
∥∥∥ηj 〈∂ξ¯jG, g〉∥∥∥
L1t
≤
∥∥∥ηj∂ξ¯jG∥∥∥
L2tH
4,s
‖g‖L2tH−4,−s ≤ C0ǫ
∥∥∥ηj∂ξ¯jG∥∥∥
L2tH
4,s
.
We have ∥∥∥ηj∂ξ¯jG∥∥∥
L2tH
4,s
≤
∥∥∥ξj∂ξ¯jG∥∥∥
L2tH
4,s
+
∥∥∥∆j∂ξ¯jG∥∥∥
L2tH
4,s
. (B.4)
By (5.2)–(5.4) and (5.25) we have∥∥∥∆j∂ξ¯jG∥∥∥
L2tH
4,s
≤ ‖∆j‖L2t
∥∥∥∂ξ¯jG∥∥∥
L∞t H
4,s
≤ C
∑
µ∈M
‖ξµ‖L2t ‖ξ‖
2
L∞t
≤ CC2ǫ3.
(B.5)
Finally, by (5.2)–(5.4) we have∥∥∥ξj∂ξ¯jG∥∥∥
L2tH
4,s
≤ C
∑
ω·(ν−µ)>m
∥∥ξµξ¯ν∥∥
L2t
≤ CC2ǫ.
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Now we bound
∥∥∥ηj〈∂ξ¯j G¯, g〉∥∥∥
L1t
. We reduce to an analogue of (B.4)–(B.5)
∥∥∥ηj∂ξ¯j G¯∥∥∥
L2tH
4,s
≤
∥∥∥ξj∂ξ¯j G¯∥∥∥
L2tH
4,s
+
∥∥∥∆j∂ξ¯j G¯∥∥∥
L2tH
4,s
≤ ∥∥ξj∂ξjG∥∥L2tH4,s + CC2ǫ2.
Finally ∥∥ξj∂ξjG∥∥L2tH4,s . ∑
ω·ν>m
∥∥µjξµξ¯ν∥∥L2t ≤ CC2ǫ2.
Lemma B.3. For ǫ small enough we have
‖ηj∂ξk∆j‖L2t +
∥∥∥ηj∂ξk∆j∥∥∥L2t ≤ CC2ǫ2.
Proof. We first bound ‖ηj∂ξk∆j‖L2t . As in (B.4)–(B.5) we write
‖ηj∂ξk∆j‖L2t ≤ ‖ξj∂ξk∆j‖L2t + ‖∆j∂ξk∆j‖L2t ≤ ‖ξj∂ξk∆j‖L2t + CC2ǫ
2.
We have
ξj
∂∆j
∂ξk
∼ ξ
µξ¯ν
ξk
with µ, ν in M , µk 6= 0 .
Then, by µk 6= 0 and |µ| ≥ 2, we have∥∥∥∥ξµξ¯νξk
∥∥∥∥
L2t
≤ ‖ξν‖L2t
∥∥∥∥ξµξk
∥∥∥∥
L∞t
≤ CC2ǫ2. (B.6)
Now we bound
∥∥∥ηj∂ξk∆j∥∥∥L2t ≤
∥∥∥ξj∂ξk∆j∥∥∥L2t + CC2ǫ2. We have
ξj
∂∆j
∂ξ¯k
∼ ξ
µξ¯ν
ξ¯k
with µ, ν in M , νk 6= 0 .
We then exploit ∥∥∥∥ξµξ¯νξ¯k
∥∥∥∥
L2t
≤ ‖ξµ‖L2t
∥∥∥∥ξνξk
∥∥∥∥
L∞t
≤ CC2ǫ2.
Lemma B.4. We have ‖ηjG1,j‖L1t ≤ C(C2)ǫ
3 and ‖G1,j‖L2t ≤ C(C2)ǫ
2.
Proof. As in (B.4) we write
‖ηjG1,j‖L1t ≤ ‖ξjG1,j‖L1t + ‖∆jG1,j‖L1t .
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|ξjG1,j | is bounded by the absolute values of terms of the form either
ξµ+µ
′
ξ¯ν+ν
′
, µ′ ∈M , ν ∈M , (µ, ν′) 6= (0, 0), (B.7)
which originate from terms in (5.17) with (µ, ν′) 6= (0, 0), or by terms originating
from terms in (5.16),
ξjξ
µ′ ξ¯ν , µ′ ∈M , ν ∈M. (B.8)
In case (B.7)
‖ξµ+µ′ ξ¯ν+ν′‖L1t ≤ ‖ξν‖L2t‖ξµ
′‖L2t ‖ξ‖
|µ|+|ν′|
L∞t
≤ CC22 ǫ3.
Similarly, in case (B.8)
‖ξjξµ′ ξ¯ν‖L1t ≤ ‖ξν‖L2t‖ξµ
′‖L2t ‖ξj‖L∞t ≤ CC22 ǫ3.
Dividing (B.7)–(B.8) by ξj we see that
‖G1,j‖L2t ≤ CC2ǫ
2.
Finally, ‖∆jG1,j‖L1t ≤ ‖∆j‖L2t ‖G1,j‖L2t ≤ CC
2
2ǫ
3.
Lemma B.5. We have ‖G0,k(ξ)‖L2t ≤ CC2ǫ
2.
Proof. Indeed by (5.21), (7.6) and remark 7.2 we have
‖G0,j(ξ)‖L2t ≤
∑
µ,ν∈M
νj
∥∥∥∥ξµξνξj
∥∥∥∥
L2t
≤ CC2ǫ2.
Lemma B.6. We have:∥∥ηj(∂ξl∆j)(∂ξ¯lZ0)∥∥L1t ≤ CC22 ǫ3 .
Proof. We have∥∥ηj(∂ξl∆j)(∂ξ¯lZ0)∥∥L1t ≤ ∥∥ξj(∂ξl∆j)(∂ξ¯lZ0)∥∥L1t + ∥∥∆j(∂ξl∆j)(∂ξ¯lZ0)∥∥L1t .
(B.9)
We first bound the first term in rhs of (B.9). It has a sum of terms of the form
ξµξ¯ν
ξl
ξαξ¯β
ξ¯l
(B.10)
with indexes such that
µ and ν ∈M , ω · (α− β) = 0, µl 6= 0 6= βl. (B.11)
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By (H5) there is αk 6= 0 such that ωk = ωl. Then∥∥∥∥ξµξ¯νξl ξ
αξ¯β
ξ¯l
∥∥∥∥
L1t
≤ ‖ξν‖L2t
∥∥∥∥ξµξkξl
∥∥∥∥
L2t
∥∥∥∥ξαξ¯βξk ξ¯l
∥∥∥∥
L∞t
. C22ǫ
|α|+|β| ≤ C22 ǫ4 (B.12)
by the fact that monomials ξαξ¯β in Z0 are such that |α| = |β| ≥ 2.
Finally, by (5.25)∥∥∆j(∂ξl∆j)(∂ξ¯lZ0)∥∥L1t ≤ ‖∆j‖L2t ∥∥(∂ξl∆j)(∂ξ¯lZ0)∥∥L2t
≤ CC2ǫ2
∥∥(∂ξl∆j)(∂ξ¯lZ0)∥∥L2t .
The last factor can be bounded using∥∥∥∥ξµξ¯νξ¯jξl ξ
αξ¯β
ξ¯l
∥∥∥∥
L2t
≤
∥∥∥∥ξµξkξl
∥∥∥∥
L2t
∥∥∥∥ξαξ¯ν+βξ¯j ξ¯lξk
∥∥∥∥
L∞t
≤ CC2ǫ2, (B.13)
where in the last formula the exponents satisfy (B.11) and µj 6= 0 and where
we picked k such that αk 6= 0 and ωk = ωl.
Lemma B.7. We have:∥∥ηj(∂ξ¯l∆j)(∂ξlZ0)∥∥L1t ≤ CC22 ǫ3 .
Proof. We have∥∥ηj(∂ξ¯l∆j)(∂ξlZ0)∥∥L1t ≤ ∥∥ξj(∂ξ¯l∆j)(∂ξlZ0)∥∥L1t + ∥∥∆j(∂ξ¯l∆j)(∂ξlZ0)∥∥L1t .
We first bound the first term in rhs. It has a sum of terms of the form
ξµξ¯ν
ξ¯l
ξαξ¯β
ξl
(B.14)
with indexes such that
µ and ν ∈M , ω · (α − β) = 0, νl 6= 0 6= αl. (B.15)
Since complex conjugates of terms (B.14)–(B.15) give terms (B.10)–(B.11),
we get the desired estimates by (B.12). By this argument and by (B.13),∥∥∂ξ¯l∆j∂ξlZ0∥∥L2t ≤ CC2ǫ2.
Finally we complete the proof of Lemma 7.11. The contribution from the
last line of (7.37) is bounded in Lemma B.1. We have ‖∂ξ¯R‖L1t ≤ C(C1)ǫ2, see
(7.22). Then ‖η∂ξ¯R‖L1t ≤ C(C1)ǫ3 < c0ǫ2 for any preassigned c0. Hence all the
related terms in ηjEj satisfy a better estimate than (7.41). Similarly,
‖η∂ξR‖L1t = ‖η∂ξR‖L1t = ‖η∂ξR‖L1t ≤ C(C1)ǫ3 < c0ǫ2.
So we are left with the contributions of the terms in the first three lines in (7.37)
not coming from R.
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The contribution from (∂ξl∆j)(∂ξ¯lZ0) in the first line of (7.37) is bounded
in Lemma B.6. The other terms from the first line of (7.37) are bounded by
‖ηj(∂ξk∆j)〈∂ξ¯kG, f〉‖L2t + ‖ηj(∂ξk∆j)〈∂ξ¯k G¯, f¯〉‖L1t
≤ ‖ηj∂ξk∆j‖L2t ‖f‖L2tW−1/3,6x ≤ CC2C1ǫ
3,
where we have used (7.6) and Lemma B.3. In Lemmas B.2 and B.4 we have
bounded the contributions from the second line of 7.37 coming from the δjk,
and all terms in G1,k. The remaining terms, thanks to Lemma 7.9 are bounded
by
‖ηj(∂ξk∆j)〈∂ξ¯kG, g〉‖L2t + ‖ηj(∂ξk∆j)〈∂ξ¯k G¯, g¯〉‖L1t
≤ ‖ηj∂ξk∆j‖L2t‖g‖L2tH−4,−sx ≤ CC2ǫ
3.
Focusing on the third line of (7.37), the terms from ∂ξ¯k∆j∂ξkZ0 are bounded
by Lemma B.7. The other terms, by Lemmas B.3, B.4, B.5.
C Regularization estimates and proof of Lemma
4.12.
First of all Lemma 5.1 is a consequence of the following lemma.
Lemma C.1. Let |V (x)| ≤ C〈x〉−5. Then, for Φ ∈ H2,s for s > 1/2 and
λ > m, we have that R±B(λ)Φ are well defined and belong to L
2,−s.
Proof. We set Ψ = (B + λ)Φ. Then Y = R+B(λ)Φ = R
+
−∆+V (k
2)Ψ with k2 =
λ2 − m2 (the proof for R−B(λ)Φ is similar). |V (x)| ≤ C〈x〉−5 implies that
V (x) is an Agmon potential, see Example 2 XIII.8 [RS]. So if Ψ ∈ L2,s then
R+−∆+V (k
2)Ψ is well defined and in L2,−s, see Theorem XIII.33 [RS]. Since
Ψ ∈ L2,s if BΦ ∈ L2,s, and since the latter is guaranteed by Lemma C.2 below,
Lemma C.1 is proved.
Lemma C.2. Let |V (x)| ≤ C〈x〉−5. Then, for Φ ∈ H2,s for s ≥ 0 and for any
κ ∈ [0, 1] we have B2κΦ ∈ L2,s.
Proof. Notice that the case B0 = Pc and B
2 = (−∆+ V )Pc, is elementary. So
we consider κ ∈ (0, 1). By the Spectral Theorem, for any fixed a > 0 we write
B2κΦ = cκ
∫ a
0
(B2 + τ)−1B2Φ
dτ
τ1−κ
+ cκ
∫ ∞
a
(B2 + τ)−1B2Φ
dτ
τ1−κ
,
with cκ =
∫ ∞
0
τκ−1(τ + 1)−1dτ.
(C.1)
Set B2κΦ(x) =
∫
R3
(Ka(x, y) + Ha(x, y))(B
2Φ)(y)dy, with the integral kernels
written in the order of the operators in (C.1). Set H = −∆ + V . We have
B2Φ = (H + m2)PcΦ ∈ L2,s. It is not restrictive to assume PcΦ = Φ. We
choose a ≥ 0 such that V (x)+m2+a ≥ 0 for all x ∈ R3 exploiting the fact that
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V ∈ L∞(R3) by (H1). Then by the Trotter formula, see Theorem A.1 p.381
[T], we have e−t(H+m
2+τ)(x, y) ≤ e−t(−∆+m2+τ−a)(x, y) for τ ≥ a. Then, for
σ = τ − a ≥ 0
0 < (H +m2 + τ)−1(x, y) =
∫ ∞
0
e−t(H+m
2+τ)(x, y)dt
≤
∫ ∞
0
e−t(−∆+m
2+σ)(x, y)dt = (−∆+m2 + σ)−1(x, y)
=
e−
√
σ+m2|x−y|
4π|x− y| .
Then for some fixed constant C > 0
|Ha(x, y)| ≤
∫ ∞
0
e−
√
σ+m2|x−y|
4π2|x− y|
dσ
σ1−κ
≤ C e
−m|x−y|/2
|x− y|2 . (C.2)
By (C.2) we obtain that Ts(x, y) := 〈x〉s〈y〉−s|Ha(x, y)| is for any s the kernel
of an operator bounded in L2 by the fact that Young inequality holds:
sup
x
‖Ts(x, y)‖L1y + sup
y
‖Ts(x, y)‖L1x < Cs <∞,
see (1.33) [Y]. Next we look at the first term in the rhs of (C.1). We have
(H +m2 + τ)−1 = ( 1l + (−∆+m2 + τ)−1V )−1(−∆+m2 + τ)−1. (C.3)
Both factors in the rhs are for τ ∈ [0, a] uniformly bounded as operators from
L2,s to itself. In particular, for the first this can be shown easily to follow by
|V (x)| ≤ C〈x〉−5, by Rellich compactness criterion, by Fredholm theory and by
the fact that ker(H +m2 + τ) = 0 in L2,s(R3) for all τ ≥ 0 and s ≥ 0. Hence,
‖
∫ a
0
(H +m2 + τ)−1 dτ
τ1−κ
‖B(L2,s,L2,s) <∞.
Claim (2) in Lemma 4.12 is a consequence of the following lemma:
Lemma C.3. Assume that V satisfies (H1). Then, for Φ ∈ S(R3,C) and for
any κ ∈ R we have B2κΦ ∈ S(R3,C).
Proof. Let us start with κ > 0. It is elementary that (H1) implies B2lΦ ∈
S(R3,C) for all l ∈ N. So it is not restrictive to consider κ < 1. Then by
Lemma C.2 we have B2l+2κΦ ∈ L2,s(R3,C) for all l ∈ N and s ≥ 0. By (H1)
this implies also (−∆+m2)lB2κΦ ∈ L2,s(R3,C) for all l ∈ N and s ≥ 0. Hence
B2κΦ ∈ S(R3,C). Case κ = 0 is elementary by B0 = Pc. For κ = −2ℓ with ℓ ∈
N we can repeat the above proof using the fact that (H+m2)−1 ∈ B(L2,s, L2,s)
for any s ≥ 0. For more general κ < 0 for [|κ|] = ℓ ∈ Z for ℓ ≤ |κ| < ℓ+1 we write
B2κ = B−2ℓ−2B2κ+2ℓ+2. Then Ψ := B2κ+2ℓ+2Φ ∈ S because 2κ + 2ℓ + 2 > 0
and B2κΦ = B−2ℓ−2Ψ ∈ S because 2ℓ+ 2 ∈ Z.
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Proof of Claim (1) Lemma 4.12. We can write
1
B − λΦ =
1
B2 + λ2
Ψ, Ψ := λΦ +BΦ.
Since Φ ∈ S(R3,C) by hypothesis, then Ψ ∈ S(R3,C) by Lemma C.3. By re-
peating the argument Lemma C.3 we conclude that 1B2+λ2Ψ ∈ S(R3,C). Indeed
we have B2l 1B2+λ2Ψ =
1
B2+λ2B
2lΨ ∈ L2,s for all l ∈ N and all s > 0, and this
is equivalent to 1B2+λ2Ψ ∈ S(R3,C).
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